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Abstract
Observables of light hadron decays are analyzed in a model of chiral Lagrangian which includes
resonance fields of vector mesons. In particular, transition form factors are investigated for Dalitz
decays of V → Pl+l− and P → γl+l− (V = 1−, P = 0−). Moreover, the differential decay width
of P → pi+pi−γ and the partial widths of P → 2γ, V → Pγ, η′ → V γ, φ(1020) → ω(782)pi0 and
V → 3P are also calculated. In this study, we consider a model which contains octet and singlet
fields as representation of SU(3). As an extension of chiral perturbation theory, we include 1-loop
ordered interaction terms. For both pseudoscalar and vector meson, we evaluate mixing matrices
in which isospin/SU(3) breaking is taken into account. Furthermore, intrinsic parity violating
interactions are considered with singlet fields. For parameter estimation, we carry out χ2 fittings
in which a spectral function of τ decays, vector meson masses, decay widths of V → Pγ and
transition form factor of V → Pl+l− are utilized as input data. Using the estimated parameter
region in the model, we give predictions for decay widths and transition form factors of intrinsic
parity violating decays. As further model predictions, we calculate the transition form factors of
φ(1020)→ pi0l+l− and η′(958)→ γl+l− in the vicinity of resonance regions, taking account of the
contribution for intermediate ρ(770) and ω(782).
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I. INTRODUCTION
Decays of light hadrons play a crucial role to investigate low-energy behavior of quantum
chromodynamics (QCD), and are measured extensively in experiments. In particular, Dalitz
decays such as P → γl+l− and V → Pl+l− provide rich resources as hadronic observables.
Using these experimental data, we can test the validity of QCD effective theories which
include resonances of vector meson. As a recent result, high-precision data of transition form
factors (TFFs) for ω → pi0µ+µ− and η → γµ+µ− are measured by the NA60 collaboration
[1] in proton-nucleus (p-A) collisions. Moreover, the measurement of the branching ratio
and the TFF of η′ → γe+e− has been carried out by the BES III collaboration [2].
In order to describe dynamics of light hadrons, we adopt a model of chiral Lagrangian
which includes vector mesons. In this model, chiral octets and singlets are introduced as
representation of SU(3). There are some models [3–5], which incorporate vector mesons and
the other resonances. In this study, we develop the framework so that one can include chiral
correction to processes in which vector mesons and/or pseudoscalars are involved. On the
basis of power counting of superficial degree of divergence, 1-loop order counter terms, which
correspond to O(p4), are introduced [6]. Finite parts of the coefficients of the counter terms
are estimated in the fitting procedure with the experimental observables in the same way
as the chiral perturbation theory (ChPT). Once those parameters are determined, one can
predict other observables such as TFFs and decay widths.
This effective dynamics of hadrons is applicable to a variety of phenomena, e.g., hadronic
τ decays. As experimental results, a spectral function of τ− → pi0pi−ν decay is measured in
the experiments [7–9]. As for decays including kaons, a mass spectrum of τ− → K−pi0ν is
observed in the BaBar experiment [10] while one of τ− → KSpi−ν is measured in the Belle
experiment [11]. In Ref. [12, 13], the branching ratios of τ decays including η are reported.
As theoretical study, the spectral function of τ− → KSpi−ν decay is fitted with a resonance
field of K∗(892)− [6]. The review for τ decays is given in Ref. [14].
For vector mesons, we calculate quantum correction to self-energies to obtain a 1-loop
corrected mass matrix. The mixing matrix, which is an orthogonal matrix to diagonalize
the mass matrix, is determined in the procedure of diagonalization. After diagonalizing the
mass matrix, the relevant mass eigenstates play the role as resonance fields of ρ(770), ω(782)
and φ(1020). In our formulation, SU(3)/isospin breaking contribution in the self-energies is
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taken into account in the mixing matrix for vector mesons. We also consider kinetic mixing
of neutral vector mesons, which arises from 1-loop correction to the self-energies. Including
such mixing contribution, we obtain analytic formulae of the widths for V → PP decays.
Furthermore, we consider mixing between vector meson and photon, which also comes from
1-loop correction to self-energies. As analyzed explicitly in this paper, we find that the V −γ
mixing plays a crucial role in processes such as radiative decays. For pseudoscalars, we also
take account of quantum correction to self-energies. We use parametrization in which the 1-
loop correction to mass matrix elements is accounted. The mixing matrix for pseudoscalars
is determined so as to diagonalize the 1-loop corrected mass matrix. Using this formulation,
we consider SU(3)/isospin breaking in the 3× 3 mixing matrix for pi0, η and η′.
In processes such as P → 2γ and radiative decays of V → Pγ, intrinsic parity (IP) [15] is
violated. It is well-known that intrinsic parity violation (IPV) in models with vector mesons
is categorized as two types: The first one is the Wess-Zumino-Witten (WZW) term, which
results from quantum anomaly of SU(3) symmetry [16, 17]. The second one comes from the
presence of resonance fields for vector mesons, as originally suggested in the framework of
hidden local symmetry (HLS) [18, 19].
For IP violating interactions in the model, we introduce operators including SU(3) singlet
fields, in addition to ones suggested in Refs. [18–20]. As shown in our numerical result, inclu-
sion of the singlet-induced IP violating operators plays an important role in the framework
of the octet+singlet scheme, typically for η′ → 2γ.
Using the introduced operators, we write formulae of the IP violating decays of hadrons.
In particular, the expressions of (differential) decay widths and electromagnetic TFFs are
shown. These formulae are useful for thorough analysis to test the validity of the model.
Since IPV interactions include an anti-symmetric tensor, one needs the fourth derivatives
on the chiral fields so that the Lagrangian is Lorentz invariant. It is O(p4) contribution.
In contrast to IP conserving part, SU(3) breaking effect for IPV interactions is O(p4m2pi)
and it is one loop effect. To this accuracy, we need to include SU(3) breaking both in IP
conserving part and in IPV part. In the first part of our paper, we include SU(3) breaking
effect for IP conserving part up to one loop order without introducing SU(3) breaking for
IPV interaction. In the last part of the paper, we incorporate SU(3) breaking interactions
for IPV part in the tree level.
In this paper, the observables of IP violating decays are analyzed in our model. For the
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HLS model, a numerical result for IP violating decay widths is given in Refs. [20, 21], with
SU(3) breaking effect in IP violating interactions. Radiative decays are analyzed with V Pγ
vertices in Ref. [22]. Moreover, numerical analyses of the TFFs are given in Refs. [23–28].
In our analysis, χ2 fittings are carried out to estimate parameters in the model. As
input data in the fittings, the spectral function in τ− → KSpi−ν decay measured by the
Belle collaboration [11] are used. Furthermore, we also utilize the data of masses for the
vector mesons, which are precisely determined in experiments. For parameter estimation
of coefficients of IP violating operators, the data of partial widths for radiative decays and
TFFs of V → Pl+l− decays are used. As shown in the numerical result, one can find a
parameter region which is consistent with experimental data for the TFFs.
Using the estimated parameter region, model prediction for hadron decays is presented in
this work. Specifically, we give predictions for (1) the electromagnetic TFFs of P → γl+l−,
(2) the partial decay widths of P → γl+l−, P → pi+pi−γ, φ→ ωpi0 and V → Pl+l−, (3) the
differential decay widths of P → pi+pi−γ, (4) the TFFs of ρ0 → pi0l+l−, ρ0 → ηl+l−, ω →
ηl+l− and φ → η′l+l− and (5) the branching ratio and the partial widths of V → pi0pi+pi−.
As discussed in the latter part of this paper, the TFFs for φ→ pi0l+l− and η′ → γl+l− have
a peak region around which di-lepton invariant mass is close to the pole of ω.
Remaining part of this paper is organized as follows: In Sec. II, the model is introduced
and 1-loop ordered interactions are given with SU(3) octets and singlets. The quantum
correction to self-energies of vector mesons are also shown. Using the 1-loop corrected
propagators, we write the width of V → PP decay, including the contribution of kinetic
mixing. The V − γ vertex, which arises from 1-loop order interactions, is also shown. The
mixing matrix for pi0, η and η′, in which 1-loop correction is accounted, is introduced. In Sec.
III, IP violating interaction terms are given. The formulae of decay widths for IP violating
modes are explicitly shown. In Sec. IV, the results of numerical analysis are presented. We
show the fitting result of the invariant mass distribution of τ decay. Physical masses of
vector mesons are also fitted in this section. Moreover, we estimate coefficients of the IP
violating operators, via experimental data of hadron decays. We give the model prediction
for decay widths, TFFs and differential decay widths for IP violating decays. In Sec. V,
SU(3) breaking effect of IPV interaction is studied. Finally, Sec. VI is devoted to summary
and discussion.
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II. THE MODEL WITH SU(3) OCTETS AND SINGLETS
In this section, we introduce a model of chiral Lagrangian with vector mesons [6]. In this
paper, we extend the previous one so that it includes φ meson and electromagnetic mass of
pseudoscalar mesons as follows,
Lχ = LP + LV + Lc, (1)
LP = f
2
4
Tr(DµUD
µU †) +BTr[M(U + U †)] + CTrQUQU †
+
1
2
∂µη0∂
µη0 − 1
2
M200η
2
0 − ig2pη0Tr[M(U − U †)], (2)
LV = −1
2
TrF µνV FV µν +M
2
V Tr
(
Vµ − αµ
g
)2
+ g1V φ
0
µTr
{(
V µ − α
µ
g
)(
ξMξ + ξ†Mξ†
2
)}
−1
4
F 0V µνF
0µν
V +
1
2
M20V φ
0
µφ
0µ, (3)
where
αµ =
1
2i
(ξ†DLµξ + ξDRµξ†), (4)
DL(R)µ = ∂µ + iAL(R)µ, (5)
U = ξ2 = exp
(
2ipi
f
)
, (6)
DµU = ∂µU + iALµU − iUARµ, (7)
M = diag(mu,md,ms), (8)
FV µν = ∂µVν − ∂νVµ + ig[Vµ, Vν ], (9)
F 0V µν = ∂µφν − ∂νφµ, (10)
Q = diag
(
2
3
,−1
3
,−1
3
)
. (11)
The Lagrangian is divided into three parts in Eq. (1), which consist of the parts of pseu-
doscalars, vector mesons, and 1-loop order counter terms. As fields of pseudoscalar, the
octet matrix and the singlet field are contained in Eq. (2). η0 is U(1)A pseudoscalar and its
mass is given as M00. The term denoted as CTrQUQU
† in Eq. (2) is the electromagnetic
correction to ChPT. This term describes the effect of virtual photon [29], and affects the
mass of the charged pseudoscalar. Vector mesons are introduced as SU(3) octet and singlet
in Eq. (3). Vector meson matrix for octet is denoted by Vµ, and its mass is given as MV ,
while the field φ0µ denotes SU(3) singlet vector meson.
In the following, we present how 1-loop counter terms given as Lc are introduced for chiral
Lagrangian with vector mesons and pseudoscalar singlet. The form of 1-loop counter terms
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depends on the tree-level Lagrangian and is obtained with power counting of the superficial
degree of divergence in the loop calculation. The tree-level Lagrangian is constructed based
on the expansion with respect to derivatives and chiral SU(3) breaking. The Lagrangian in-
cludes either the second derivatives or an insertion of chiral SU(3) breaking. The interaction
Lagrangian which satisfies such criteria is extracted from Eqs. (2, 3),
L0 = f
2
4
TrDµUD
µU † +M2V Tr
(
Vµ − αµ
g
)2
+ BTr(M(U + U †))− ig2pη0Tr(M(U − U †)). (12)
Note that L0 does not include the parts which are written only with vector mesons and
singlet pseudoscalars. With L0, the divergent parts of the 1-loop correction is extracted and
the counter terms are given in Eq. (A1). As proven in App. B, the counter terms satisfy
the power counting rule, which enables us to specify the structure of them. Based on the
discussion, in Eq. (1), we have included a singlet-octets vector mesons mixing term as a
finite counter term.
The counter terms for the self-energy for vector mesons and V − γ mixing can be sum-
marized as the effective counter terms [6],
Leffc = −
1
2
Z
(1)
V Tr(FV µνFµνV )
+ C1Tr
[
ξχξ + ξ†χ†ξ†
2
(
Vµ − αµ
g
)2]
+ C2Tr
(
ξχξ + ξ†χ†ξ†
2
)
Tr
[(
Vµ − αµ
g
)2]
+ C4TrFµνV (F 0Lµν + F 0Rµν), (13)
χ =
4BM
f 2
. (14)
where all the field strength are Abelian part defined by, FV µν = ∂µVν − ∂νVµ and F 0L(R)µν =
∂µAL(R)ν − ∂νAL(R)µ. Z(1)V and Ci (i = 1, 2, 4) are renormalization constants and they are
written in terms of the coefficients in Eq. (A1),
Z
(r)(1)
V = K
(r)
3 (gρpipi)
2
tr, C
(r)
1 = 2K
(r)
4 (gρpipi)
2
tr,
C
(r)
2 = 2K
(r)
5 (gρpipi)
2
tr, C
(r)
4 = −
(gρpipi)tr
2
(
K
(r)
2 −K(r)3
M2V
2g2f 2
)
, (15)
(gρpipi)tree =
M2V
2gf 2
. (16)
The coefficients of the effective counter terms in Eq. (15) include the divergent part and the
finite part. The finite parts are denoted with suffix (r). Both divergent and finite parts of
Ki are recorded in Eq. (A4).
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In Eq. (16), (gρpipi)tree denotes a tree-level vertex for ρpipi coupling. We also define the
1-loop ordered ρpipi coupling,
gρpipi =
M2V
2gf 2pi
. (17)
A. Neutral vector meson
In this subsection, we diagonalize the mass matrix for neutral vector mesons and obtain
the mass eigenstates which correspond to (ρ, ω, φ). The mixing matrix between (ρ0, ω8, φ0)
and mass eigenstates determines the interaction among the physical states. The inverse
propagator for the vector mesons is,
1
2
V µID−1µνIJV
νJ , (18)
where V I denotes the eigenstate for the mass matrix, V Tµ = (V
1
µ , V
2
µ , V
3
µ ) = (ρµ, ωµ, φµ). The
mixing matrix OV relates the mass eigenstates to SU(3) basis in the following,
V 0µ =

ρ0µ
ω8µ
φ0µ
 = OV Vµ. (19)
In Eq. (18), D−1µν = O
T
VD
0−1
µν OV contains the self-energy correction,
D0−1µν = gµν

M2ρ M
2
V ρ8 M
2
V 0ρ
M2V ρ8 M
2
V 88 M
2
V 08
M2V 0ρ M
2
V 08 M
2
0V
+Qµν

δBρ(Q
2) δBρ8(Q
2) 0
δBρ8(Q
2) δB88(Q
2) 0
0 0 1
 , (20)
Qµν = QµQν − gµνQ2, (21)
δBρ = Z
r
V (µ) + g
2
ρpipi (4M
r
pi +M
r
K+ +M
r
K0) , (22)
δBρ8 =
√
3g2ρpipi∆M
r
K+K0 , (23)
δB88 = Z
r
V (µ) + 3g
2
ρpipi(M
r
K+ +M
r
K0), (24)
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where ∆M rK+K0 = M
r
K+ −M rK0 . In Eqs. (22, 24), ZrV denotes the coefficient of kinetic term
of octet vector meson defined as 1 + Z
r(1)
V . M
r
P are the loop functions of vector mesons,
M rP =
1
12
[(
1− 4M
2
P
Q2
)
J¯P − 1
16pi2
ln
M2P
µ2
− 1
48pi2
]
, (25)
J¯P =

− 1
16pi2
√
1− 4M
2
P
Q2
ln
1 +
√
1− 4M2P
Q2
1−
√
1− 4M2P
Q2
+
1
8pi2
+ i
1
16pi
√
1− 4M
2
P
Q2
, (Q2 ≥ 4M2P ),
1
8pi2
1−√4M2P
Q2
− 1 arctan 1√
4M2P
Q2
− 1
 , (Q2 ≤ 4M2P ),
where µ is a renormalization scale. In the numerical analysis, we fix it as µ = mK∗+ . The
elements in the mass matrix (20) are given by,
M2ρ = M
2
V + C
r
1M
2
pi + C
r
2(2M¯
2
K +M
2
pi)− 4g2ρpipi
(
µpi +
µ¯K
2
)
f 2, (26)
M2V 88 = M
2
V + C
r
1
4M¯2K −M2pi
3
+ Cr2(2M¯
2
K +M
2
pi)− 6g2ρpipiµ¯Kf 2, (27)
M2V ρ8 =
1√
3
{
Cr1∆K+K0 − 3g2ρpipi∆µKf 2
}
, (28)
M2V 0ρ =
gˆ1V
4
∆K+K0 , (29)
M2V 08 = −
gˆ1V
2
√
3
∆Kpi, (30)
with
µP =
M2P
32pi2f 2
ln
(
M2P
µ2
)
, µ¯K =
µK+ + µK0
2
, (31)
M¯2K =
M2K+ +M
2
K0
2
, M2pi = M
2
pi+ = M
2
pi0 , (32)
gˆ1V =
f 2g1V
B
, ∆µK = µK+ − µK0 , (33)
∆PQ = M
2
P −M2Q, ∆Kpi = M¯2K −M2pi . (34)
We calculate the mass of the neutral vector mesons, ρ, ω and φ. The first term in Eq. (20)
is diagonalized as,
D−1µν = gµνM2 + δBV (Q2)Qµν , (35)
M2 = diag(M21,M22,M23), (36)
where δBV (Q
2) is a 3× 3 matrix,
δBV (Q
2) = OTV δB(Q
2)OV . (37)
10
The propagator for the neutral vector mesons is denoted as,
Dµν = gµνD0 +Q
µQνDL, (38)
D0 = (M2 −Q2δBV )−1, (39)
DL =
1
Q2
(
1
M2 −
1
M2 −Q2δBV
)
. (40)
In the following, we expand the propagator in Eq. (38) with respect to the off-diagonal parts
of δBV ,
(Dµν)IJ =

gµν − QµQνM2I
δBV I
M2I −Q2δBV I
, (I = J)
−Qµν 1M2I −Q2δBV I
δBV IJ
1
M2J −Q2δBV J
, (I 6= J)
(41)
where I, J = 1, 2, 3 and δBV I denotes the diagonal part in the matrix in Eq. (37). If one
neglects the off-diagonal parts of δBV , the above propagator becomes diagonal matrix given
in the first line in Eq. (41). The pole mass squared is defined as the momentum squared
where the real part of the denominator of the propagator vanishes in the following as,
M2I −m2IReδBV I(m2I) = 0. (42)
The denominator of the propagator in Eq. (41) is expanded in the vicinity of the pole mass,
M2I −Q2ReδBV I(Q2) = m2IReδBV I(m2I)−Q2ReδBV I(Q2)
' (m2I −Q2)
dQ2ReδBV I(Q
2)
dQ2
∣∣∣
Q2=m2I
. (43)
We define the wave function renormalization of neutral vector meson,
Z−1I =
dQ2ReδBV I(Q
2)
dQ2
∣∣∣
Q2=m2I
= ReδBV I(m
2
I) +m
2
I
dReδBV I(Q
2)
dQ2
∣∣∣
Q2=m2I
. (44)
Thus, in the vicinity of the pole mass, the propagator takes the following form,
(Dµν)II ' ZI
gµν − QµQν
m2I
(
1 + i
ImδBV I(m
2
I)
ReδBV I(m2I)
)
m2I −Q2 − imIΓI
, (45)
where the definitions of the pole mass and width are given as,
m2I =
M2I
ReδBV I(m2I)
, (46)
ΓI = mIZIImδBV I(m
2
I). (47)
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B. 1-loop correction to decay width of V → PP
In this subsection, we derive the formulae for width of vector meson decay into two
pseudoscalars. We compute the 1-loop diagrams which are shown in Fig. II.1. For neutral
vector mesons, ρ, ω and φ, the contribution of the kinetic mixing is also taken into account,
in addition to the diagrams in Fig. II.1.
FIG. II.1. 1-loop ordered Feynman diagrams forV → PP decays. A black circle indicates a vertex
of the 1-loop ordered counter term.
1. K∗ → Kpi and ρ± → pi±pi0
The amplitude for V → Ppi is written as the sum of the tree-level amplitude and 1-loop
correction,
M(V → Ppi) = µ∗qµ(gˆV Ppi + ∆gV Ppi), (48)
where gˆV Ppi denotes the tree-level coupling and ∆gV Ppi is 1-loop correction. We denote
q = pP − ppi. Firstly, we consider the case that V and P consist of the same quark flavor
contents. For V = K∗+(0) and P = K+(0), they are given as,
gˆK∗+K+pi0 =
(gρpipi)tree
2
√
ZK+Zpi+ =
M2V
4gfKfpi
∆gK∗+K+pi0 =
Cr2(2MK
2 +Mpi
2) + Cr1MK
2
4gf 2
− 3(gρpipi)tree
4f 2
(
1− M
2
V
2g2f 2
)
{−(M rKpi +M rKη8)m2K∗ + (LrKpi + LrKη8)}
− 3(gρpipi)
2
tree
8g
(2µK + µpi + µη) +
Cr3
8f 2
m2K∗ . (49)
In the isospin limit, one can find the relations, gˆK∗+K0pi+ =
√
2gˆK∗+K+pi0 and ∆gK∗+K0pi+ =√
2∆gK∗+K+pi0 , are satisfied. Therefore, the decay width of K
∗+ → K0pi+ is two times larger
12
than that of K∗+ → K+pi0. For V = ρ+ and P = pi+, the couplings are given as,
gˆρpipi = (gρpipi)treeZpi+
√
Zρ+ =
M2V
2gf 2pi
√
Zρ+ ,
∆gρpipi =
Cr2(2MK
2 +Mpi
2) + Cr1Mpi
2
2gf 2
+
(gρpipi)tree
f 2
(
1− M
2
V
2g2f 2
)
(2M rpipi +M
r
KK)m
2
ρ
− (gρpipi)tree
g
(µK + 2µpi) +
Cr3
4f 2
m2ρ. (50)
In the above calculation, the isospin breaking effect is not taken into account. Using the
1-loop corrected couplings, we obtain the partial decay width for V → Ppi,
Γ[V → Ppi] = νPpi(m
2
V )
3
48pi
gˆ2V Ppi
m5V
(
1 + 2Re
(
∆gV Ppi
gˆV Ppi
))
, (51)
νPpi(Q
2) =
√
Q4 −Q2(M2P +M2pi) + (M2P −M2pi)2. (52)
Using the isospin relation of K∗ decays, one can find,
Γ[K∗+ → K+pi0] + Γ[K∗+ → K0pi+] = νKpi(m
2
K∗)
3
16pi
gˆ2K∗+K+pi0
m5K∗
(
1 + 2Re
(
∆gK∗+K+pi0
gˆK∗+K+pi0
))
. (53)
2. V → pi+pi− (V = ω, φ) and φ→ K+K−(K0K¯0)
In this subsection, we study the decay width of V → PP , including the effect of kinetic
mixing. First, V → pi+pi− (V = ω, φ) is investigated. Since the two pions in the final state
are p wave and form an isotriplet, the decays of ω and φ occur due to isospin breaking.
There are two major contributions to the isospin breaking amplitude. The first one is due
to a partial component of isotriplet state (ρ0) in the mass eigenstate of ω(φ). This effect
is incorporated as the mixing matrix of the neutral vector mesons. Another contribution
comes from the non-vanishing decay amplitude for isosinglet due to isospin breaking. In our
model, incomplete cancellation between 1-loop diagram of charged kaon and one of neutral
kaon leads to such contribution. The decay amplitudes for octet states ρ0, ω8 and a singlet
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state φ0 are given as,
T (ρ0 → pi+pi−) = −(gρpipi)treeqµµ∗,
T (ω8 → pi+pi−) =
√
3
2
(gρpipi)tree
µ∗qµ
(
−(HK+ −HK0)
+
M2V
2g2f 2
(HK+ −HK0 + µK+ − µK0)− 2C
r
1
3
M2K+ −M2K0
M2V
)
,
T (φ0 → pi+pi−) = − gˆ1V
8gf 2
(M2K+ −M2K0) = −(gρpipi)tree gˆ1V
M2K+ −M2K0
4M2V
qµ
µ∗. (54)
The effective Lagrangian for the singlet and octet states is given as,
L = i((gρpipi)treeρ0µ + gωpipiω8µ + gφpipiφ0µ)
(
pi+
←→
∂ µpi
−
)
, (55)
where coupling constants are defined as,
gωpipi =
√
3
2
(gρpipi)tree
(
HK+ −HK0
− M
2
V
2g2f 2
(HK+ −HK0 + µK+ − µK0) + 2C
r
1
3
M2K+ −M2K0
M2V
)
, (56)
gφpipi = (gρpipi)tree gˆ1V
M2K+ −M2K0
4M2V
.
Next one can rewrite the Lagrangian in terms of the mass eigenstates using their relations
with the octet and singlet states,
ρ0µ
ω8µ
φ0µ
 = OV

√
Z1 0 0
0
√
Z2 0
0 0
√
Z3


ρµR
ωµR
φµR
 . (57)
Substituting the above equation, one obtains the effective Lagrangian for renormalized mass
eigenstates
(
V 1µ V
2
µ V
3
µ
)
=
(
ρRµ ωRµ φRµ
)
,
L|V pi+pi− = i((gρpipi)treeOV 1I + gωpipiOV 2I + gφpipiOV 3I)
√
ZIV
I
µ
(
pi+
←→
∂ µpi−
)
= i(gρpipi)treeΠI
√
ZIV
I
µ
(
pi+
←→
∂ µpi−
)
, (58)
ΠI = OV 1I +
gωpipi
(gρpipi)tree
OV 2I +
gφpipi
(gρpipi)tree
OV 3I . (59)
To evaluate the partial decay width for V I → PP , kinetic mixing in the decay process,
i.e., V I → V J → PP , should be taken into account. Using the renormalized fields, we can
express the kinetic mixing terms,
LKM = 1
2
(
ρRµ , ω
R
µ , φ
R
µ
)
Qµν

0 δBV 12 δBV 13
δBV 12 0 δBV 23
δBV 13 δBV 23 0


ρRν
ωRν
φRν
 . (60)
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In the above Lagrangian, we set the wave function renormalization ZI = 1, since δBV IJ (I 6=
J) is 1-loop order contribution.
The T -matrix elements for V → PP decays are,
T [V I → pi+pi−] = −geffV Ipi+pi− (q · ∗), (I = 2, 3)
T [φ→ K+K−] = −geffφK+K− (q · ∗), (61)
T [φ→ K0K¯0] = −geff
φK0K¯0
(q · ∗),
where q = p+(0)− p−(0¯). Including the contribution of kinetic mixing, the effective couplings
in Eq. (61) are given as,
geffV Ipi+pi− = gρpipi
[
ΠI
√
ZI +m
2
I
∑
J 6=I
ΠJ
δBV JI
M2J −m2IδBV J(m2I)
]
, (62)
geffφK+K− = gρpipi
(
fpi
fK
)2 [√
Z3Π
K+
3 +m
2
φ
∑
J 6=3
ΠK
+
J
δBV J3
M2J −m2φδBV J(m23)
]
, (63)
geff
φK0K¯0
= gρpipi
(
fpi
fK
)2 [√
Z3Π
K0
3 +m
2
φ
∑
J 6=3
ΠK
0
J
δBV J3
M2J −m2φδBV J(m23)
]
, (64)
ΠK
+
I =
OV 1I
2
+
√
3
2
OV 2I +
gˆ1V (M
2
pi+ −M2K0)
4M2V
OV 3I , (65)
ΠK
0
I = −
OV 1I
2
+
√
3
2
OV 2I +
gˆ1V (M
2
pi+ −M2K+)
4M2V
OV 3I . (66)
Ignoring the isospin breaking effect, we note that T [ρ0 → pi+pi−] is the same as the amplitude
of ρ+ → pi+pi0 which was studied in the previous subsection. In Eqs. (62-64), the second
terms denote the kinetic mixing effects for V I → V J → PP decay process and MJ (J =
1, 2, 3) is the eigenvalue for the vector meson mass matrix, which differs from the physical
masses, mρ,mω or mφ. However, within the accuracy, one can set MJ = mJ since their
difference arises from only the wavefunction renormalization. One can obtain the partial
widths for V → PP decay,
Γ[V I → PP ] = mI |g
eff
V PP |2
48pi
(
1− 4M
2
P
m2I
) 3
2
, (67)
where geffV PP is the coupling associated with Eqs. (62-64).
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C. Mixing between photon and vector meson
In this subsection, the mixing between photon and vector mesons is analyzed. The
contributing diagrams for V −A mixing in 1-loop order are exhibited in Fig. II.2. The V −γ
FIG. II.2. Feynman diagrams for the two-point function of the mixing of photon and vector meson.
Wavy lines imply vector meson while bold wavy lines indicate the vector mesons.
conversion vertex is denoted as,
Lχ|V γ = V 0Iµ ΠµνV
0IAAν = V
I
µ Π
µνV IAAν , (68)
ΠV
IA
µν = O
T
V Π
V 0IA
µν . (69)
In the basis of SU(3), the two-point functions in the l.h.s. of Eq. (68) are given as,
ΠV
0IA
µν = egµνΠ
V 0IA + eQµνΠ
V 0IA
T , (70)
Πρ0A =
1
g
{
−M2V + 4g2ρpipi
(
µpi +
µK+
2
)
f 2
−Cr1
(
M2pi +
∆K+K0
3
)
− Cr2(2M¯2K +M2pi)
}
, (71)
Πρ0AT = gρpipi
(
1− M
2
V
2g2f 2
)
(4M rpi + 2M
r
K+)− 2Cr4 , (72)
Πω8A =
1√
3g
{−M2V + 6g2ρpipiµK+f 2
−Cr1
(
4M¯2K −M2pi
3
+ ∆K+K0
)
− Cr2(2M¯2K +M2pi)
}
, (73)
Πω8AT = 2
√
3gρpipi
(
1− M
2
V
2g2f 2
)
M rK+ −
2√
3
Cr4 , (74)
Πφ0A =
gˆ1V
g
(
∆Kpi
6
− ∆K+K0
4
)
, (75)
Πφ0AT = 0. (76)
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One can find that gµν part in Eq. (70) is related to the matrix elements of the 1-loop corrected
neutral vector meson masses in Eqs. (26, 27, 30),
ΠV
0A = −1
g

M2ρ +
1√
3
M2V ρ8
M2V ρ8 +
1√
3
M2V 88
M2V 0ρ +
1√
3
M2V 08
 . (77)
One can write the two-point functions in Eq. (69),
ΠV A = OTV Π
V 0A = −1
g

M21 0 0
0 M22 0
0 0 M23


OV 11 +
1√
3
OV 21
OV 12 +
1√
3
OV 22
OV 13 +
1√
3
OV 23
 . (78)
The derivation of Eq. (78) is shown in App. D. Thus, the mixing vertices for V − γ in Eq.
(68) are expressed as,
Lχ|V γ = −eM
2
I
g
ηIV
I
µA
µ, (79)
ηI = OV 1I +
1√
3
OV 2I . (80)
D. Pseudoscalar
In this subsection, the structures of a mixing matrix and decay constants for pseudoscalars
are given. We take account of 1-loop correction to both mixing and the decay constants.
The basis for an SU(3) eigenstate is written in terms of mass eigenstates as,
pi3
η8
η0
 = √ZO

pi0
η
η′
 , (81)
where O denotes an orthogonal matrix which diagonalizes a mass matrix of pseudoscalars.
√
Z in Eq. (81) is a matrix which canonically rescales 1-loop corrected kinetic terms for
pseudoscalars. The result of 1-loop correction to the mass terms for charged particles is
summarized in App. E, while one to the mass matrix for neutral particles is shown in App.
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F. The 1-loop expression of
√
Z is recorded in Eq. (F8). We denote the mixing matrix as,
O =

cos θ2 sin θ2 0
− sin θ2 cos θ2 0
0 0 1


1 0 0
0 cos θ1 sin θ1
0 − sin θ1 cos θ1


cos θ3 sin θ3 0
− sin θ3 cos θ3 0
0 0 1

=

cos θ2 cos θ3 − cos θ1 sin θ2 sin θ3 cos θ2 sin θ3 + cos θ1 sin θ2 cos θ3 sin θ1 sin θ2
− sin θ2 cos θ3 − cos θ1 cos θ2 sin θ3 − sin θ2 sin θ3 + cos θ1 cos θ2 cos θ3 sin θ1 cos θ2
sin θ1 sin θ3 − sin θ1 cos θ3 cos θ1
 , (82)
where ranges of the mixing angles in Eq. (82) are defined as,
−pi ≤ θ1 ≤ 0, −pi ≤ θ2 ≤ pi, −pi ≤ θ3 ≤ pi. (83)
The mixing angles denoted as θ2 and θ3 are almost 0 or pi due to isospin breaking. In Eq.
(82), if we take the limit where θ2,3 → 0 or pi, one can find that θ1 corresponds to a 2 × 2
mixing angle for η8 − η0. Hence, in order to calculate a mixing angle for η − η′ in the 3× 3
mixing matrix, we use the value of θ1 in Eq. (82).
For decay constants of pi+ and K+, we also consider the 1-loop quantum correction. As
stated in App. G, the ratio of a pion decay constant to one for kaon is determined with wave
function renormalization of pseudoscalars [6],
fK+
fpi+
=
√
Zpi+
ZK+
∼ 1 + 4M
2
K+ −M2pi+
f 2
Lr5 +
c
4
(5µpi+ − 3µ88 − 2µK+) , (84)
where c is defined as,
c = 1− M
2
V
g2f 2
. (85)
III. INTRINSIC PARITY VIOLATION
In this section, we discuss IPV in the model. As well as ChPT, quantum anomaly of chiral
symmetry causes an IP violating interaction. The expression of the WZW term is given in
Eq. (H1). In addition to this operator, IP violating interaction terms, which come from
the resonance field of vector mesons, are introduced. Subsequently, we write the formula of
widths, TFFs, differential widths for IP violating decays.
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A. Intrinsic parity violating operators with vector mesons
Since SU(3) singlet fields are contained in the model, IP violating operators with singlets
should be taken into account. We consider such singlet-induced operators within invariance
of SU(3) symmetry. Imposing the charge conjugation (C) symmetry, one can obtain the
operators in the model,
L1 = iµνρσTr[αLµαLναLραRσ − (R↔ L)], (86)
L2 = iµνρσTr[αLµαRναLραRσ], (87)
L3 = µνρσTr[gFV µν{αLραRσ − (R↔ L)}], (88)
L4 = 1
2
µνρσTr[(FˆLµν + FˆRµν){αLρ, αRσ}], (89)
L5 = µνρσF 0V µνTr[αLραRσ − (R↔ L)], (90)
L6 = η0
f
µνρσTrFV µνFV ρσ, (91)
L7 = η0
f
µνρσF 0V µνF
0
V ρσ, (92)
L8 = µνρσTr(FˆLµν + FˆRµν)φ0ρ
αLσ − αRσ
2
, (93)
L9 = η0
f
µνρσTr(FˆLµν + FˆRµν)FV ρσ, (94)
L10 = η0
f
µνρσTr(FˆLµν + FˆRµν)(FˆLρσ + FˆRρσ), (95)
where 0123 = −0123 = +1 and,
FˆLµν = ξ
†FLµνξ, (96)
FˆRµν = ξFRµνξ
†, (97)
FL(R)µν = ∂µAL(R)ν − ∂νAL(R)µ + i[AL(R)µ, AL(R)ν ], (98)
αLµ = αµ + α⊥µ − gVµ, (99)
αRµ = αµ − α⊥µ − gVµ, (100)
α⊥µ =
1
2i
(ξ†DLµξ − ξDRµξ†). (101)
In Eqs. (86-88), L1−3 are introduced in Refs. [18, 19] while L4 is considered in Ref. [20]. We
introduced L5−10, which are written with singlets of η0 or φ0. In Eqs. (86-95), we required
that the operators should be Hermite.
In contrast to our work, the singlet fields are contained as a component of chiral nonet
matrix in Ref. [20] and Li(i = 5− 10) is not included in that work. Chiral SU(3) breaking
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effect in IP violating interactions is introduced with spurion field method in Ref. [20], while
the operators in Eqs. (86-95) are invariant under SU(3) transformation. The number of
the derivatives and vector fields included in the IP violating terms Li(i = 1 − 10) are four
by applying the same power counting rule as that of IP conserving part. The interaction
Lagrangian L6−7 and L9−10 include a SU(3) singlet pseudo-scalar meson η0.
The IP violating interactions in our model are denoted as,
LIPV = LWZ +
10∑
i=1
cIPi Li. (102)
In Eq. (102), the coefficients of the operators, cIPi (i = 1−10), are free parameters. As carried
out in Sec. IV, these parameters are estimated via experimental data which are sensitive
to IPV. In the following subsections, with the interaction in Eq. (102), the formulae of IP
violating decay modes are explicitly written.
B. Intrinsic parity violating decays
1. V → Pγ and P → V γ
In this subsection, IP violating decays of V → Pγ and P → V γ are investigated. Dia-
grams contributing to V → Pγ and P → V γ are listed in Fig. III.1. Interaction vertices of
V I
P i
γ
(a)
V I
P i
γV J
(b)
η′
V I
γ
(c)
η′
V I
γV J
(d)
FIG. III.1. Diagrams contributing to the decay width for: (a)-(b) V I → P iγ and (c)-(d) η′ → V γ.
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vector meson are shown as,
LIPV|V Pγ = − e
fpi
χiI
µνρσ∂µV
I
ν ∂ρP
iAσ, (103)
LIPV|V V P = g
fpi
θiIJ
µνρσ∂µV
I
ν ∂ρP
iV Jσ , (104)
LIPV|V +P−γ + h.c. = 2eg
3fpi
c−34
µνρσ(∂µρ
+
ν ∂ρpi
− + ∂µρ−ν ∂ρpi
+)Aσ
+
2eg
3fK
c−34
µνρσ(∂µK
∗+
ν ∂ρK
− + ∂µK∗−ν ∂ρK
+)Aσ
− 4eg
3fK
c−34
µνρσ(∂µK
∗
ν∂ρK¯
0 + ∂µK¯∗ν∂ρK0)Aσ, (105)
LIPV|V −P+V 0 + h.c. = g
fpi
γI
µνρσ(∂µρ
+
ν ∂ρpi
− + ∂µρ−ν ∂ρpi
+)V Iσ
+
g
fK
LI
µνρσ(∂µK
∗+
ν ∂ρK
− + ∂µK∗−ν ∂ρK
+)V Iσ
− g
fK
ϕI
µνρσ(∂µK
∗
ν∂ρK¯
0 + ∂µK¯∗ν∂ρK0)V Iσ , (106)
where i, I and J run from 1 to 3 and c−34 = c
IP
3 − cIP4 . In Eqs. (103-104, 106), fields of mass
eigenstate are denoted for vector mesons as (V 1, V 2, V 3) = (ρ, ω, φ) and for pseudoscalars
as (P 1, P 2, P 3) = (pi0, η, η′), respectively. The coefficients, χiI in Eq. (103), describes the
vertex of each component, e.g., χ11 for ρpi
0γ vertex and χ12 for ωpi
0γ vertex. Note that
the vertex coefficient of ρωpi0 is proportional to θ121 + θ112 in Eq. (104) since an operator
with I = 1, J = 2 and another operator with I = 2, J = 1 give the same amplitude. The
coefficients of the vertices in Eqs. (103-106) are given as,
V IP iγ : χiI = −2g
3
c−34
[(
O1i +
√
3
√
Zpi2
Zpi1
O2i
)
OV 1I +
(√
3O1i −
√
Zpi2
Zpi1
O2i
)
OV 2I
]
−4cIP5
(
O1i +
1√
3
√
Zpi2
Zpi1
O2i
)
OV 3I + 2c
IP
8
(
O1i +
1√
3
√
Zpi2
Zpi1
O2i
)
OV 3I
+2cIP9
√
1
Zpi1
O3i
(
OV 1I +
1√
3
OV 2I
)
, (107)
V IV JP i : θiIJ = −2gc
IP
3√
3
[(
2O1iOV 1I −
√
Zpi2
Zpi1
O2iOV 2I
)
OV 2J +
√
Zpi2
Zpi1
O2iOV 1IOV 1J
]
−4cIP5
(
O1iOV 3IOV 1J +
√
Zpi2
Zpi1
O2iOV 3IOV 2J
)
−2c
IP
6
g
√
1
Zpi1
O3i(OV 1IOV 1J +OV 2IOV 2J)− 4c
IP
7
g
√
1
Zpi1
O3iOV 3IOV 3J ,(108)
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ρ+pi−V I + h.c. : γI = −4gc
IP
3√
3
OV 2I − 4cIP5 OV 3I , (109)
K∗+K−V I + h.c. : LI = −2gcIP3
(
OV 1I − 1√
3
OV 2I
)
− 4cIP5 OV 3I , (110)
K∗0K¯0V I + h.c. : ϕI = −2gcIP3
(
OV 1I +
1√
3
OV 2I
)
+ 4cIP5 OV 3I . (111)
Vector mesons can decay into Pγ directly with the operator in Eq. (103). V Pγ vertex
is absent in Ref. [20] since the relation cIP3 = c
IP
4 is adopted. Meanwhile, IP violating V V P
operator in Eq. (104) also causes V → Pγ with the V − γ conversion vertex in Eq. (79).
The notation of propagators for neutral vector meson is given as,
iDJµν(Q) = igµνD
J(Q2) + iQµQνD
J
L(Q
2), (J = 1, 2, 3), (112)
where J = 1, 2, 3 is assigned with the propagator of ρ, ω and φ, respectively. In the cal-
culation of the V − γ conversion decay V → PV ∗ → Pγ, the term proportional to DJL(0)
vanishes since the momentum product QµQν is eliminated when multiplied with antisym-
metric tensor. Consequently, the conversion process V → PV ∗ → Pγ is proportional to the
contribution from the metric tensor part of intermediate vector mesons. With Eq. (78), one
can find that the following relation is satisfied,
DJ(0) ·
(
−eM
2
J
g
ηJ
)
= −e
g
ηJ . (113)
Although vector meson propagator is shown apparently in Fig. III.1(b), the dependence on
the mass cancels out in Eq. (113).
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Decay amplitudes are obtained from the operators in Eqs. (103-106) as,
MV I→P iγ = XiIµνρσpγµpPν Vρ γ∗σ (114)
Mρ+→pi+γ = Xρ+µνρσpγµppi
+
ν 
ρ+
ρ 
γ∗
σ , (115)
MK∗+→K+γ = XK∗+µνρσpγµpK
+
ν 
K∗+
ρ 
γ∗
σ (116)
MK∗0→K0γ = XK∗0µνρσpγµpK
0
ν 
K∗
ρ 
γ∗
σ , (117)
Mη′→V Iγ = X3IµνρσpVµ pγνV ∗ρ γ∗σ , (I = 1, 2) (118)
XiI =
e
√
ZI
fpi
χ¯iI , (119)
χ¯iI = χiI −
3∑
J=1
θ¯iIJηJ , (θ¯iIJ = θiIJ + θiJI) (120)
=
2gc+34√
3
[(√
Zpi2
Zpi1
O2i +
1√
3
O1i
)
OV 1I +
(
O1i − 1√
3
√
Zpi2
Zpi1
O2i
)
OV 2I
]
+
2c69
g
√
1
Zpi1
O3i(OV 1I +
1√
3
OV 2I) + 2c
IP
8
(
O1i +
1√
3
√
Zpi2
Zpi1
O2i
)
OV 3I , (121)
Xρ+ =
e
√
Zρ
fpi
(
−2g
3
c−34 −
3∑
J=1
γJηJ
)
=
2eg
√
Zρ
3fpi
c+34, (122)
XK∗+ =
e
√
ZK∗
fK
(
−2g
3
c−34 −
3∑
J=1
LJηJ
)
=
2eg
√
ZK∗
3fK
c+34, (123)
XK∗0 =
e
√
ZK∗
fK
(
4g
3
c−34 +
3∑
J=1
ϕJηJ
)
= −4eg
√
ZK∗
3fK
c+34, (124)
where c+34 = c
IP
3 +c
IP
4 and c69 = 2c
IP
6 +gc
IP
9 . The coefficient of neutral meson decay amplitude
denoted asXiI in Eq. (119) includes the factor (
√
Z1,
√
Z2,
√
Z3) = (
√
Zρ,
√
Zω,
√
Zφ), which
comes from the wave function renormalization of an external vector line in Fig. III.1. In
Eqs. (122 ,123), we assume that the wave function renormalization of charged vector meson
is equal to one for neutral vector meson, i.e.,
√
Zρ+ =
√
Zρ and
√
ZK∗ =
√
ZK∗+ , which is
valid in the isospin limit. One can write the partial decay width of V → Pγ and P → V γ
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with X’s in Eqs. (119, 122-124) as,
Γ[V I → P iγ] = 1
96pi
X2iIm
3
I
(
1− M
2
P i
m2I
)3
, (125)
Γ[ρ+ → pi+γ] = 1
96pi
X2ρ+m
3
ρ+
(
1− M
2
pi+
m2ρ+
)3
, (126)
Γ[K∗+ → K+γ] = 1
96pi
X2K∗+m
3
K∗+
(
1− M
2
K+
m2K∗+
)3
, (127)
Γ[K∗0 → K0γ] = 1
96pi
X2K∗0m
3
K∗0
(
1− M
2
K0
m2K∗0
)3
, (128)
Γ[η′ → V Iγ] = 1
32pi
X23IM
3
η′
(
1− m
2
I
M2η′
)3
. (I = 1, 2) (129)
The pseudoscalar decay width in Eq. (129) is analogous to one for V → Pγ given in Eqs.
(125-128) and its coefficient is different by a factor 1/3 which comes from spin average of
vector meson. One can find that Γ[V I → P iγ] and Γ[ρ+ → pi+γ] in Eqs. (125-126) provide
the relation,
∣∣∣∣XiIXρ+
∣∣∣∣ =
√√√√ΓV I→P iγ
Γρ+→pi+γ
m3I
m3ρ+
(
m2ρ+ −M2pi+
m2I −M2P i
)3
. (130)
In the above relation, the ratio of the effective coupling for V I → P iγ to one for ρ+ → pi+γ
is written in terms experimental data on r.h.s. Using Eqs. (125-126), we can rewrite l.h.s.
in Eq. (130),∣∣∣∣XiIXρ+
∣∣∣∣ =
√
ZI
Zρ+
∣∣∣∣∣O1i(OV 1I +√3OV 2I) +
√
Zpi2
Zpi1
O2i(
√
3OV 1I −OV 2I)
+
√
3c69
g2c+34
√
1
Zpi1
O3i(
√
3OV 1I +OV 2I) +
√
3cIP8
gc+34
(√
3O1i +
√
Zpi2
Zpi1
O2i
)
OV 3I
∣∣∣∣∣ . (131)
In the above relation, the effective coupling is written in terms of model parameters. We
use the relations in Eqs. (130, 131) for the numerical analysis of χ2 fitting.
2. φ→ ωpi0
In this subsection, an IP violating process of φ → ωpi0 is analyzed. The contributing
operator to φ → ωpi0 is given in Eq. (104), and the diagram is shown in Fig. III.2. The
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φpi0
ω
FIG. III.2. Diagram contributing to the IP violating decay of φ→ ωpi0.
transition amplitude of φ→ ωpi0 is written as,
Mφ→ωpi0 = Xφ→ωpi0µνρσpωµppi
0
ν 
φ
ρ
ω∗
σ , (132)
Xφ→ωpi0 = −
g
√
ZφZω
fpi
θ¯123. (133)
The contribution coming from V − γ conversion is negligible since it gives rise to O(α)
correction. In Eq. (133), the factor of wave function renormalization of external vectors is
included. Thus, the partial decay width of φ→ ωpi0 is,
Γ[φ→ ωpi0] = 1
96pi
X2φ→ωpi0
×

√
m4φ +m
4
ω +M
4
pi0 − 2(m2φm2ω +m2ωM2pi0 +M2pi0m2φ)
mφ
3 . (134)
3. P → 2γ
In this subsection, we evaluate partial decay widths of the IP violating process given as
P i → 2γ. The IP violating interaction terms yield contribution to Pγγ vertex as,
LIPV|P iγγ = − e
2
fpi
hi
µνρσP i∂µAν∂ρAσ, (135)
hi =
(
1
8pi2
+
4cIP4
3
)(
O1i +
1√
3
√
Zpi2
Zpi1
O2i
)
− 32
3
cIP10
√
1
Zpi1
O3i, (136)
where the first term proportional to 1/8pi2 in Eq. (136) implies the contribution from the
WZW term. Diagrams of the decay of P i → 2γ are given in Fig. III.3. With the operators
P i
γ (pγ1)
γ (pγ2)
P i
γ (pγ1)
γ (pγ2)V I
P i
γ (pγ1)
γ (pγ2)
V I
P i
γ (pγ1)
γ (pγ2)V J
V I
FIG. III.3. Diagrams contributing to the decay width of P i → 2γ.
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in Eqs. (79, 103, 135), the transition amplitude of P i → 2γ is written as,
MP i→2γ = Riµνρσpγ1µ pγ2ν γ1∗ρ γ2∗σ , (137)
Ri = − e
2
fpi
[
2hi − 1
g
(
2
3∑
I=1
χiIηI −
3∑
I,J=1
θ¯iIJηIηJ
)]
= − e
2
fpi
[
1
4pi2
(
O1i +
1√
3
√
Zpi2
Zpi1
O2i
)
− 16
3
c6−9−10
√
1
Zpi1
O3i
]
. (138)
where c6−9−10 = cIP6 /g
2 + cIP9 + 4c
IP
10. The partial decay width of P
i → 2γ is given as,
Γ[P i → 2γ] = 1
64pi
R2iM
3
P i . (139)
4. P → γl+l−
In this subsection, a form factor for IP violating modes P i → γl+l− is obtained. The con-
tributing diagrams are displayed in Fig. III.4. Following the notations used in experiments,
P i
γ
e+
e−
γ∗
P i
γ
e+
e−
γ∗
V I
P i
γ
e+
e−
γ∗V
I
P i
γ
e+
e−
γ∗
V I
V J
FIG. III.4. Diagrams contributing to the decay width of P i → γl+l−.
the differential decay width is written in terms of the TFF as,
dΓ(P i → γl+l−)
dsd cos θ
=
α
4pi
Γ(P i → 2γ)βl
s
(2− β2l sin2 θ)
(
1− s
M2
P i
)3
|FP i(s)|2, (140)
dΓ(P i → γl+l−)
ds
=
2α
3pi
Γ(P i → 2γ)βl
s
(
1 +
2m2l
s
)(
1− s
M2
P i
)3
|FP i(s)|2, (141)
βl =
√
1− 4m2l /s, (142)
where s denotes the squared invariant mass in di-lepton system while θ indicates an angle
between P i and l+ in the di-lepton rest frame. The model prediction for the TFF is,
|FP i(s)|2 =
∣∣∣∣∣1 + e2sgfpiRi
3∑
I=1
χ¯iIηIδBV IIDI(s)
∣∣∣∣∣
2
. (143)
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5. V → Pl+l−
In this subsection, a form factor for IP violating electromagnetic decays for neutral vector
mesons is analyzed. Contributing diagrams are exhibited in Fig. III.5. The differential decay
P i
V I e+
e−
γ∗
P i
V I e+
e−
γ∗
V J
FIG. III.5. Diagrams contributing to the decay width of V I → P il+l−.
width for V → Pl+l− is written in terms of the TFF in the following form,
d2Γ(V I → P il+l−)
dsd cos θ
=
α
8pi
Γ(V I → P iγ)βl
s
(2− β2l sin2 θ)
×
[(
1 +
s
m2I −M2P i
)2
− 4m
2
Is
(m2I −M2P i)2
] 3
2
|FV IP i(s)|2, (144)
dΓ(V I → P il+l−)
ds
=
α
3pi
Γ(V I → P iγ)βl
s
(
1 +
2m2l
s
)
×
[(
1 +
s
m2I −M2P i
)2
− 4m
2
Is
(m2I −M2P i)2
] 3
2
|FV IP i(s)|2, (145)
where θ is an angle between V I and l+ in the di-lepton rest frame. As the model prediction,
the TFF is obtained as,
|FV IP i(s)|2 =
∣∣∣∣∣1 + sχ¯iI
3∑
J=1
θ¯iIJηJδBV JJDJ(s)
∣∣∣∣∣
2
. (146)
The TFF in the above equation are normalized as unity in the limit where virtual photon
goes on-shell.
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6. V → Ppi+pi−
In this subsection, partial decay widths for V → Ppi+pi− are analyzed. Interaction terms
for the process are,
LIPV|V IP ipi+pi− = iJiIf 3pi
µνρσV Iµ ∂νP
i∂ρpi
+∂σpi
−, (147)
Lχ|ρ−P ipi++h.c. = igρpipiO1i
[
ρ−µ
(
P i
←→
∂ µpi+
)
− ρ+µ
(
P i
←→
∂ µpi−
)]
, (148)
JiI =
gc123√
3
(
3O1iOV 2I +
√
Zpi2
Zpi1
O2iOV 1I
)
+ 12cIP5 O1iOV 3I , (149)
where c123 = c
−
12 + 2c
IP
3 . The diagrams for the decay of V
I → P ipi+pi− are given in Fig. III.6.
Propagators for ρ± are formulated in the following form as,
V I
pi+
P i
pi− V I
pi+
P i
pi−
V J
V I
P i
pi+
pi−
ρ−
V I
P i
pi−
pi+
ρ+
FIG. III.6. Diagrams contributing to the decay width of V I → P ipi+pi−.
iDµν± (Q) = ig
µνD±(Q2) + iQµQνDL±(Q2). (150)
The transition amplitude is given as,
M = YiIµνρσVµ p−ν p+ρ p0σ, (151)
YiI =
√
ZI
f 3pi
[
JiI +
3∑
J=1
ζiIJD
J(s+−) + κiI(D+(s+0) +D−(s−0))
]
, (152)
ζiIJ = M
2
V θ¯iIJΠJ , κiI = M
2
VO1iγI , (153)
where s+0, s−0 and s+− are squared invariant masses for the pi+P i, pi−P i and pi+pi− system,
respectively. s+− is kinematically related with the other variables as s+− = m2I + 2M
2
pi+ +
M2P i − s+0 − s−0. The formula of the partial decay width is obtained as,
Γ[V I → P ipi+pi−] = 1
3072pi3m3I
∫∫ (mI−Mpi+ )2
(Mpi++MPi )
2
|YiI |2Hθ(H)ds+0ds−0, (154)
H = s+−[s+0s−0 + (m2I −M2pi+)(M2pi+ −M2P i)]−M2pi+(m2I −M2P i)2, (155)
where θ(H) denotes step function, and the integral regions are common for s+0 and s−0.
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7. P → pi+pi−γ
In this subsection, differential decay widths for P → pi+pi−γ are calculated. The diagrams
contributing to this process are given in Fig. III.7. The transition amplitude for the process
P i
pi+
γ
pi− P i
pi+
γ
pi−
V I
P i
pi+
γ
pi−
V I
P i
pi+
γ
pi−
V I
V J
P i
γ
pi−
pi+
ρ+
P i
γ
pi−
pi+
ρ+
V I
P i
γ
pi+
pi−
ρ−
P i
γ
pi+
pi−
ρ−
V I
FIG. III.7. Diagrams contributing to the decay width for P i → pi+pi−γ.
P i → pi+pi−γ (i = 2, 3) is,
MP i→pi+pi−γ = Y γi µνρσγ∗µ p−ν p+ρ pγσ, (156)
Y γi = −
e
f 3pi
[
A¯i + B¯iID
I(s) + C¯i(D+(s+0) +D−(s−0))
]
, (157)
A¯i =
(
1
4pi2
+ 2c+34
)(
O1i +
1√
3
√
Zpi2
Zpi1
O2i
)
,
B¯iI = −2gρpipif 2pi χ¯iIΠI , C¯i = −
4gρpipif
2
pi
3
gc+34O1i. (158)
Using the above equations, one can obtain the differential decay width,
d2Γ[P i → pi+pi−γ]
dsd cos θ
=
1
8192pi3M3
P i
|Y γi |2 sin2 θs4β3pi+
(
1− M
2
P i
s
)3
, (159)
where s denotes the squared invariant mass in pi+pi− system and θ implies the angle between
pi+ and γ in the rest frame of pi+pi−.
IV. NUMERICAL ANALYSIS
In this section, phenomenological analysis is carried out in the model. In the following
subsection, we perform χ2 fittings in order to estimate the parameters in the model. As
input data in the fittings, the following data are utilized: (1) the spectral function of τ
decay, (2) the masses of vector mesons and (3) the IP violating decay widths, the masses of
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pseudoscalars and the TFFs of V → Pl+l−. Subsequently, using the parameters estimated
from the aforementioned observables, we give the prediction of the model. Specifically, the
results are presented for Dalitz distributions and partial decay widths of IP violating modes.
In order to carry out the analysis, the following points are addressed:
• For the parameter c defined in Eq. (85), we take f = fpi.
• For µP given in Eq. (31), f = fpi is also taken.
• In the expression of (gρpipi)tree in Eqs. (49, 50, 54-56, 58, 59), we use tree-level decay
constant f , which is a free parameter.
A. Parameter fit
1. τ− → Kspi−ν
In this subsection, we estimate parameters in the model with the decay distribution for
τ− → Kspi−ν. To evaluate the decay distribution, we use the procedure similar to the
method in Ref. [6]. Throughout the analysis, we take isospin limit in the decay distribution.
The differential branching fraction for KPν (P = pi, η) is given as,
dBr[τ → KPν]
d
√
Q2
=
1
Γτ
G2F |Vus|2
25pi3
(m2τ −Q2)2
m3τ
pK
×
[(
2m2τ
3Q2
+
4
3
)
pK
2|FKPV (Q2)|2 +
m2τ
2
|FKPS (Q2)|2
]
, (160)
where pK is the momentum of K in the hadronic center of mass (CM) frame. The vector
and scalar form factors are written in App. I. In order to compare the model prediction
with the Belle data, we use the method in Ref. [6]. Including the overall normalization, the
differential width in Eq. (160) is rewritten as,
Ntot
BrBelle[τ− → Kspi−ν]
× 11.5 MeV × dBr[τ
− → Kspi−ν]
d
√
Q2
, (161)
where Ntot denotes the observed number of events for τ decay while 11.5 MeV indicates the
width of bins in the Belle experiment. We carry out the χ2 fitting based on Eq. (161), which
represents the expected number of events in the model.
In this paper, we take the tree-level pion decay constant, f , as a parameter. Since the
effect of the K∗ resonance is important in the decay mode, we choose the mass and the
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decay width of K∗ meson as fitting parameters. Additionally, the octet vector meson mass
and the finite parts of 1-loop ordered coefficients, Kr1 +K
r
2 and L
r
9, are also free parameters.
To summarize, (MV , K
r
1 + K
r
2 , L
r
9, MK∗ , ΓK∗ , f) are the relevant fitting parameters in
this mode. These six parameters are estimated from 90 bins of the data in the region
MK +Mpi ≤
√
Q2 ≤ 1665 MeV. As a result of fitting, the parameters are determined as,
MV = 851± 100MeV, Kr1 +Kr2 = 0.0268± 0.0091, Lr9 = (2.06± 1.89)× 10−3, (162)
MK∗ = 895.6± 0.3MeV, ΓK∗ = 48.4± 0.6MeV, f = 136± 19MeV,
where the obtained χ2min/n.d.f. is 147.1/84. The correlation matrix of (MV , K
r
1+K
r
2 , L
r
9, MK∗ , ΓK∗ , f)
is, 
1 0.28 0.26 0.49 0.29 −0.64
∗ 1 1.0 −0.071 0.41 −0.92
∗ ∗ 1 −0.067 0.45 −0.91
∗ ∗ ∗ 1 0.26 −0.15
∗ ∗ ∗ ∗ 1 −0.44
∗ ∗ ∗ ∗ ∗ 1

. (163)
Since the tree-level K∗Kpi coupling is proportional to M2V /f
2, tree-level expressions of
the form factors in Eq. (160) does not depend on MV and f solely, but on the ratio. Due
to this fact, MV and f are determined through 1-loop correction in the form factors so that
large errors arise from the fitting, as shown in Eq. (162).
The result of the decay distribution is shown in Fig. IV.1. In this plot, one can find that
the resonance of K∗ is seen around
√
Q2 ' 900 MeV. The prediction for the branching
fraction is 0.403± 0.069% (the experimental value is (0.404± 0.002± 0.013)% [11]).
TABLE I. Numerical values of the parameters in the model.
g 6.68± 1.56 Cr2 −0.415± 0.331 gρpipi 6.37± 0.04
ZrV 0.819± 0.002 Cr3 − 4Cr4 −0.149+0.080−0.086 (gρpipi)tree 2.9+1.1−0.7
Cr1 0.275± 0.007 Cr5 (9.92+18.62−8.88 )× 10−4 c −0.91+0.37−0.53√
Zpi1 1.49
+0.27
−0.24 L
r
4 (−1.6+1.0−1.1)× 10−3√
Zpi2 0.96
+0.17
−0.14 L
r
5 (4.6
+2.1
−7.3)× 10−3
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FIG. IV.1. The fitting result of the decay distribution for τ− → Kspi−ν. The red line corresponds
to the prediction of our model. The closed circles with the error bars are experimental data [11].
In Table I, we show other parameters which are also determined through Eqs. (162, 163).
In the following, we clarify how the parameters in Table I are determined. In order to obtain
the ρpipi coupling, we note that the decay width of K∗ is given by the imaginary part of the
self-energy [6],
ΓK∗ =
1
16piMK∗
ν3Kpi(M
2
K∗)
M4K∗
(gρpipi
2
)2
, (164)
where νPpi(Q
2) is defined in Eq. (52). Solving Eq. (164) with respect to gρpipi, one can fix the
ρpipi coupling since (MK∗ ,ΓK∗) are determined from the fitting result in Eq. (162). Moreover,
g is also obtained from the definition of the ρpipi coupling in Eq. (17). Since the large error
of MV propagates to g, the error of g increases. In Table I we also give the value of (gρpipi)tree
in Eq. (16). One can find that (gρpipi)tree and gρpipi are deviated from each other. This is
because the tree-level decay constant denoted as f given in Eq. (162) is deviated from PDG
value, fpi = 92.2 MeV. In order to calculate L
r
4 and L
r
5, we use the following pion and kaon
decay constants [30] with obtained f ,
fpi = f
{
1− c(2µpi + µK) + 4
(
M2pi + 2M
2
K
f 2
Lr4 +
M2pi
f 2
Lr5
)}
, (165)
fK = f
{
1− 3c
4
(µpi + 2µK + µη8) + 4
(
M2pi + 2M
2
K
f 2
Lr4 +
M2K
f 2
Lr5
)}
, (166)
where in the above expressions, f represents the tree-level parameter given in Eq. (162).
The coefficients of 1-loop ordered interaction, (Cr3 − 4Cr4 , Cr5), are also determined from
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the procedure similar to one of Ref. [6]. Wavefunction renormalizations for pi3 and η8 are
calculated from Eq. (F9) and Eq. (F10), respectively. If one fixes the parameters as the best
fit values in Eq. (162), the wavefunction renormalizations are,
√
Zpi1 = 1.52,
√
Zpi2 = 0.763. (167)
Hereafter, the values in Eq. (167) are referred to as best fit values of the wavefunction
renormalizations for pseudoscalars.
For the ratio of decay constants of pseudoscalars, we verify whether the model prediction
of fK−/fpi− is consistent with the experimental data if one uses fpi instead of the tree-level
parameter in Eq. (84). The results in the model and the experimental data extracted from
the PDG data [32] are,
fK−/fpi− =

1.40+0.18−0.11 (68.3% C.L. in the model)
1.40+0.96−0.24 (99.7% C.L. in the model)
1.197± 0.006 (1σ in the PDG)
. (168)
In the above result, one can find that the model prediction is slightly deviated from the
case of the tree-level ρpipi coupling in Eq. (84). This is because the estimated value of f is
deviated from the experimental value of fpi. However, up to the 99.7% confidence interval
of the model prediction, it is shown that the central value of the PDG data [32] is included.
2. Mass and width of vector mesons
In this subsection, we explain how the parameters, Cr1 , C
r
2 , Z
r
V , gˆ1V and M0V are fixed,
and evaluate the vector meson mass, the renormalization constant and the decay width.
At first, we consider the off-diagonal elements of Vµ, i.e., ρ
+, K∗+ and K∗0 to obtain the
parameters, Cr1 , C
r
2 and Z
r
V . We define the masses of ρ
+ and K∗+ mesons as the momentum-
squared for which real parts of inverse propagators vanish,
M2V + Re[δAρ+(Q
2 = m2ρ+ ;C
r
1 , C
r
2)] = 0, (169)
M2V + Re[δAK∗+(Q
2 = m2K∗+ ;C
r
1 , C
r
2)] = 0, (170)
where δAρ+ and δAK∗+ are shown in Eqs. (C15) and (C19), respectively. Solving the above
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equations, we have Cr1 and C
r
2 ,
Cr1 =
1
∆K+pi
{
ZrV ∆K∗+ρ+ − Re[∆AK∗+(m2K∗+)] + Re[∆Aρ+(m2ρ+)]
}
, (171)
Cr2 = −
1
2M¯2K +M
2
pi
{
M2V − ZrVm2K∗+ + Re[∆AK∗+(m2K∗+)] + Cr1M2K+
}
. (172)
Imposing the condition for the residue of the vector meson propagator, ResD(Q2 = m2K∗+) =
1, we have
ZrV = 1 +
dRe[∆AK∗+(Q
2)]
dQ2
∣∣∣∣
Q2=m2
K∗+
. (173)
Since ∆AV only depends on gρpipi, C
r
1 and Z
r
V can be fixed by gρpipi. On the other hand, C
r
2
is related to two parameters, gρpipi and MV .
The decay widths are given by the imaginary part of the inverse propagators,
mIΓI = −ZIIm[δAI(m2I)], (174)
where I = ρ+, K∗+, K∗0,
(ZI)
−1 = ZrV −
dRe[∆AI(Q
2)]
dQ2
∣∣∣∣
Q2=m2I
, (175)
where ∆AI is defined in Eqs. (C16, C18, C20). The renormalization constants Zi are esti-
mated as follows,
Zρ+ = 1.0461± 0.0006, ZK∗0 = 1.00244± 0.00003. (176)
In the following, we determine the parameters gˆ1V and M0V with the χ
2 fitting of the neutral
vector meson mass. The masses in Eq. (46) are written in terms of the mass eigenvalues of
the mass matrix and the mixing angles of vector mesons. In Ref. [31], the authors introduced
a method to express mixing angles and the eigenvalues in terms of the elements of the mass
matrix. With varying the parameters in the elements of the mass matrix, one can conduct
χ2 fitting with respect to physical masses. The fitted results of the masses are shown in
Table II, where the obtained χ2/n.d.f is 0.386/1. The parameters gˆ1V and M0V are fixed as,
gˆ1V = 3.185± 0.001, M0V = 871.8± 0.1MeV. (177)
Using the above parameters, we have the orthogonal matrix OV which diagonalizes vector
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TABLE II. The results of the neutral vector meson mass.
Mass Theory(MeV) PDG (MeV)
mρ0 775.42± 0.01 775.26± 0.25
mω 782.65
+0.18
−0.15 782.65± 0.12
mφ 1019.46± 0.04 1019.461± 0.019
meson mass matrix,
OV =

0.9979± 0.0001 0.0644± 0.001 −0.00375± 0.00004
−0.0447± 0.0006 0.6475± 0.0006 −0.7608± 0.0005
−0.0466± 0.0009 0.7594± 0.0004 0.6490± 0.0005
 , (178)
where ω − φ mixing angle is (40.59 ± 0.04)◦. The wave function renormalization of the
neutral vector meson and the eigenvalues for the mass matrix are obtained as follows,
Zρ0 = 1.0462± 0.0005, Zω = 1.0281± 0.0004, Zφ = 0.9167± 0.0008,
M1 = 791.8± 0.2MeV, M2 = 763.2± 0.3MeV, M3 = 1001.9± 0.2MeV. (179)
3. Intrinsic parity violating decays
In this subsection, we estimate model parameters by using the IP violating observables
for light hadrons. As input data of χ2 fittings, experimental data of decay widths and Dalitz
distributions are used. We also utilize experimental values of masses for pseudoscalars to
estimate parameters in the mass matrix.
The widths of radiative decays, Γ[ρ+ → pi+γ], Γ[K∗0 → K0γ] and Γ[K∗+ → K+γ], are
proportional to the IP violating parameter (gc+34)
2. In order to estimate this parameter, we
consider the following statistic,
χ2 =
(
Γ[ρ+ → pi+γ]− ΓPDG[ρ+ → pi+γ]
δΓPDG[ρ+ → pi+γ]
)2
+
(
Γ[K0∗ → K0γ]− ΓPDG[K0∗ → K0γ]
δΓPDG[K0∗ → K0γ]
)2
, (180)
where δΓPDG denotes experimental errors of the widths. As a result of the fitting, we find
that the minimum of Eq. (180) is χ2min/d.o.f. = 1.08/1, which results in the estimated
parameter as,
g|c+34| = 0.102± 0.05. (181)
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In this fitting, the sign of c+34 is not fixed since the widths in Eqs. (126-128) depend on square
of this parameter. In Table III, the widths calculated in the model are compared with the
PDG values [32]. The model prediction for Γ[K∗+ → K+γ] is also given in Table III. For the
PDG value [32] of Γ[K∗+ → K+γ], we adopt the full width of K∗+ obtained from tau decays.
One finds 3.4σ discrepancy between the model prediction and the experimental value of the
width for K∗+ → K+γ. Since the K∗0K0γ coupling in Eq. (124) is two times larger than
one for K∗+K+γ in Eq. (123), the widths are related as Γ[K∗0 → K0γ] ∼ 4Γ[K∗+ → K+γ].
However, this relation is not valid for the present PDG values [32] so that the deviation
arises.
TABLE III. Partial widths of radiative decays. For ρ+ → pi+γ and K∗0 → K0γ, the fitting result
for χ2min/d.o.f. = 1.08/1 is shown. The model prediction is given for K
∗+ → K+γ. For comparison,
the PDG data [32] are also written.
Decay mode Model [MeV] PDG [MeV]
Γ[ρ+ → pi+γ] (7.3± 0.7)× 10−2 (6.7± 0.7)× 10−2
Γ[K∗0 → K0γ] 0.11± 0.01 0.12± 0.01
Γ[K∗+ → K+γ] (2.8± 0.3)× 10−2 (4.6± 0.4)× 10−2
For parameter estimation, we use observables for pseudoscalars. In particular, the PDG
data [32] for masses of pi0, η′ and decay widths of P → 2γ (P = pi0, η, η′) are adopted. In
order to constrain parameters in the model, we consider the following system of equations,
Mpi0(gˆ2p,∆EM,M
′2
88,M
′2
80) = M
PDG
pi0 , (182)
Mη′(gˆ2p,∆EM,M
′2
88,M
′2
80) = M
PDG
η′ , (183)
Γ[pi0 → 2γ](c6−9−10, gˆ2p,∆EM,M ′288,M ′280) = ΓPDG[pi0 → 2γ], (184)
Γ[η → 2γ](c6−9−10, gˆ2p,∆EM,M ′288,M ′280) = ΓPDG[η → 2γ], (185)
Γ[η′ → 2γ](c6−9−10, gˆ2p,∆EM,M ′288,M ′280) = ΓPDG[η′ → 2γ], (186)
where the left-handed sides in these equations denote the model expressions. Solution to Eqs.
(182-186) leads to estimated values for the parameters given as (c6−9−10, gˆ2p,∆EM,M ′288,M
′2
80).
This procedure of solving the equations is carried out in the following way: provided that
the PDG data [32] obey Gaussian distributions, the right-handed sides in Eqs. (182-186)
are generated as Gaussian data. For (
√
Zpi1 ,
√
Zpi2 ), we use the parameter list obtained from
36
the fitting of tau decays, which is summarized in Table I. In order to determine model
values of the masses in Eqs. (182-183), we use formalism in App. F which incorporates 1-
loop correction to the mass matrix. One can numerically calculate the model values for
pseudoscalar masses, which are eigenvalues of the mass matrix in Eq. (F21). For Eq. (184-
186), the widths in the model are calculated on the basis of Eq. (139). Since Γ[P → 2γ]
depends on the pseudoscalar mixing matrix elements, we adopt a method [31] to write a
mixing matrix in terms of mass matrix elements. Using 104 data samples, we solve the
system of Eqs. (182-186) to obtain the parameters (c6−9−10, gˆ2p,∆EM,M ′288,M
′2
80). Confidence
intervals of the parameters are estimated from a list of the solutions to Eqs. (182-186). In
Table IV, we show confidence intervals of the model parameters which are determined in
this procedure. Since the parameters in the mass matrix are estimated, a mixing angle for
pseudoscalars is also determined. θ1 is obtained as θ1 = arccos(O33), where O33 is the mixing
matrix element in Eq. (82). The numerical value of this angle is,
θ1 =
−28
+2
−5[degree] (68.3% C.L.)
−28+5−43[degree] (99.7% C.L.)
. (187)
TABLE IV. Confidence intervals of the model parameters estimated from the data [32] of widths
and masses for pseudoscalars. See the text for a detailed explanation of parameter estimation.
Parameter c6−9−10 × 102 gˆ2p ∆EM [MeV2]
√
M ′288 [MeV]
√
|M ′280| [MeV]
68.3% C.L. 1.1+0.2−0.2 −1.0+0.7−0.7 1220+20−60 660+30−20 510± 20
99.7% C.L. 1.1+0.7−0.5 −1.0+2.1−2.3 1220+30−310 660+260−60 510± 80
In Eqs. (182-186), if one adopts the best fit model parameters in Eq. (162) on left-handed
sides and central values of the PDG data [32] on right-handed sides, solution is obtained as,
c6−9−10 = 1.1× 10−2, gˆ2p = −1.0,
∆EM = 1220 [MeV
2], M ′88 = 662 [MeV], M
′
80 = 507 [MeV]. (188)
Using the above values, the mixing matrix and the wavefunction renormalizations of pseu-
doscalars are calculated as,
O =

0.99998 −3.3× 10−4 −6.8× 10−3
3.5× 10−3 0.88 0.47
5.8× 10−3 −0.47 0.88
 , (189)
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In the following analysis, the parameter values in Eq. (189) are referred to as best fit values
for the mixing matrix elements.
Here, we discuss a case in which singlet-induced contribution is absent. If one takes the
limit c6−9−10 → 0, the partial width of η′ becomes Γ[η′ → 2γ] = 7× 10−5MeV. This value is
much smaller than the experimental data, ΓPDG[η′ → 2γ] = (4.4± 0.3)× 10−3MeV. Hence,
one notices that the presence of singlet-induced IP violation is necessary in the framework
of the singlet+octet scheme.
For parameter estimation of the IP violating parameters, the ratio of the effective coupling
for V Pγ to one for ρ+pi+γ in Eq. (131) are compared with experimental values. Model
parameters are estimated from the following statistic,
χ2 =
(1,2),(2,2),(3,2),(3,3)∑
(i,I)
( |XiI/Xρ+| − |XiI/Xρ+|PDG
δ|XiI/Xρ+|PDG
)2
. (190)
The experimental data used in the above χ2 are extracted from PDG [32] through r.h.s in
Eq. (130). In Eq. (131), the wavefunction renormalizations and the mixing matrices for
mesons are set as the best fit values obtained in Eqs. (167, 189). (for vector meson mixing,
Eq. number should be referred.) In the procedure to minimize the statistic in Eq. (190), one
can vary model parameters, c69/g
2c+34 and c
IP
8 /gc
+
34. The fitting results are shown in Table
V. The parameter ranges estimated from this fitting are,
c69/g
2c+34 = −0.91± 0.04, cIP8 /gc+34 = 0.85± 0.05, (191)
where the correlation coefficient of these parameters is 0.12. Predictions for effective coupling
ratios of Γ[V I → P iγ] to Γ[ρ+ → pi+γ] for (i, I) = (1, 1), (1, 3), (2, 1), (2, 3) are given in Table
V. Furthermore, the prediction for the decay widths of V I → P iγ are shown in Table VI.
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TABLE V. Fitting result and model prediction of the ratio of effective coupling for V I → P iγ to
one for ρ+ → pi+γ. For (i, I) = (1, 2), (2, 2), (3, 2), (3, 3), the fitting result for χ2min/d.o.f. = 1.12/2
is shown while the model predictions are given for (i, I) = (1, 1), (1, 3), (2, 1), (2, 3). For comparison,
the experimental data extracted from the PDG data [32] are also shown. In the fourth column, the
model prediction in the isospin limit is displayed with wave function renormalizations set as unity.
Mixing angles for vector meson are defined as cos θ08V = OV 22 ∼ OV 33 and sin θ08V = OV 23 ∼ −OV 32.
Ratio Model PDG Model in the isospin limit
|X12/Xρ+ | 3.1± 0.1 3.2± 0.2
√
3| cos θ08V − 3c
IP
8
gc+34
sin θ08V |
|X22/Xρ+ | 0.71+0.09−0.08 0.62± 0.04 | cos θ08V || cos θ1 +
√
3( c69
g2c34
) sin θ1 −
√
3cIP8
gc+34
cos θ1 tan θ
08
V |
|X32/Xρ+ | 0.53+0.16−0.13 0.60± 0.04 | cos θ08V || sin θ1 −
√
3( c69
g2c34
) cos θ1 −
√
3cIP8
gc+34
sin θ1 cot θ
08
V |
|X33/Xρ+ | 1.15+0.15−0.13 0.99± 0.06 | sin θ08V || sin θ1 −
√
3( c69
g2c34
) cos θ1 +
√
3cIP8
gc+34
sin θ1 cot θ
08
V |
|X11/Xρ+ | 0.80± 0.02 1.15± 0.10 1
|X13/Xρ+ | 0.31± 0.09 0.18± 0.01
√
3| sin θ08V + 3c
IP
8
gc+34
cos θ08V |
|X21/Xρ+ | 1.8± 0.2 2.2± 0.1
√
3| cos θ1 − ( c69g2c34 ) tan θ1|
|X23/Xρ+ | 0.6+0.1−0.2 0.96± 0.05 | sin θ08V || cos θ1 +
√
3( c69
g2c34
) sin θ1 +
√
3cIP8
gc+34
cos θ1 cot θ
08
V |
In the following, TFFs for Dalitz decay of vector mesons are analyzed. In particular, we
fit |FV IP i |2 for (i, I) = (1, 2), (1, 3) and (2, 3), in each bin for di-lepton invariant mass. In
order to minimize the statistic,
χ2 =
∑
Available data
(1,2),(1,3),(2,3)∑
(i,I)
( |FV IP i |2 − (|FV IP i |2)Exp.
δ(|FV IP i |2)Exp.
)2
, (192)
we vary the IP violating parameters: (cIP3 , c
IP
5 , c
IP
6 , c
IP
7 ). For the expression of |FV IP i|2 in
Eq. (146), the mixing matrices and wavefunction renormalizations of mesons are set as
the best fit values in Eqs. (167, 178, 189). In Eq. (192) the experimental data extracted
from Refs. [1, 33–38] are adopted for parameter estimation. In the fitting procedure,
two cases: c+34 < 0 and c
+
34 > 0 are considered. For these cases, one can find that the
goodness-of-fit is comparable with each other. We find that the minimum of Eq. (192)
is χ2min/d.o.f. = 211.8/151 (215.4/151) for c
+
34 < 0 (> 0). As an alternative analysis,
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TABLE VI. Partial widths of the radiative decays for vector mesons. For comparison, the PDG
data [32] are also shown.
Model [MeV] PDG [MeV]
Γ[ω → pi0γ] 0.71± 0.09 0.70± 0.02
Γ[ω → ηγ] (5.5+1.6−1.3)× 10−3 (3.9± 0.3)× 10−3
Γ[η′ → ωγ] (4.6+3.3−2.0)× 10−3 (5.4± 0.5)× 10−3
Γ[φ→ η′γ] (3.9+1.2−0.9)× 10−4 (2.67± 0.09)× 10−4
Γ[ρ0 → pi0γ] (4.6± 0.5)× 10−2 (9± 1)× 10−2
Γ[φ→ pi0γ] (17+12−9 )× 10−3 (5.4± 0.3)× 10−3
Γ[ρ→ ηγ] (3.3+0.8−0.9)× 10−2 (4.5± 0.3)× 10−2
Γ[φ→ ηγ] (2.2+0.9−1.2)× 10−2 (5.6± 0.1)× 10−2
we also fit χ2 in the case without the Lepton-G data [34]. This fitting analysis leads to
χ2min/d.o.f. = 170.1/144 (173.7/144) for c
+
34 < 0 (> 0), which is a slightly improved result.
In this case, we find that the best fit values and the errors of (cIP3 , c
IP
5 , c
IP
6 , c
IP
7 ) are almost
identical to ones in the case with the Lepton-G data. For each fitting, χ2min/d.o.f., corre-
sponding p-values and the estimated parameters are summarized in Table VII. As a result
TABLE VII. Fitting results of the TFFs for vector meson decays. For the four cases of fitting,
the-goodness-of fit is shown. Estimated 1σ ranges for the IP violating parameters are also given.
χ2min/d.o.f. p-value c
IP
3 × 102 cIP5 × 102 cIP6 cIP7
c+34 < 0 without Lepton-G 170.1/144 0.068 1.12± 0.05 6.5± 0.2 −1.3± 0.7 −1.8± 1.3
c+34 < 0 with Lepton-G 211.8/151 8.1× 10−4 1.12± 0.05 6.5± 0.2 −1.3± 0.7 −1.8± 1.3
c+34 > 0 without Lepton-G 173.7/144 0.046 −1.12± 0.05 −6.5± 0.2 −0.3± 0.8 −1.1± 1.4
c+34 > 0 with Lepton-G 215.4/151 4.5× 10−4 −1.12± 0.05 −6.5± 0.2 −0.3± 0.8 −1.1± 1.4
of the fittings without the Lepton-G data, the correlation matrices for (cIP3 , c
IP
5 , c
IP
6 , c
IP
7 ) are,
1 0.75 −0.12 −0.082
∗ 1 −0.14 −0.11
∗ ∗ 1 1.0
∗ ∗ ∗ 1
 (c+34 < 0),

1 0.75 −0.12 −0.086
∗ 1 −0.14 −0.11
∗ ∗ 1 1.0
∗ ∗ ∗ 1
 (c+34 > 0). (193)
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In Table VII, one can find that the errors of cIP6 and c
IP
7 are large. This is because the
contributions of cIP6 and c
IP
7 are suppressed by either isospin breaking or the η − η′ mixing
angle for |Fωpi0|2, |Fφpi0|2 and |Fφη|2 in Eq. (146). To improve the precisions of cIP6 and cIP7 ,
the experimental errors of the TFFs should be reduced, especially for |Fφη|2.
In the following analysis in this paper, we adopt parameter sets which are estimated from
the case without the Lepton-G data. The TFFs obtained in the model, which result from
the case without the Lepton-G data, are shown in Fig. IV.2. One can see that best fit curves
for c+34 < 0 and c
+
34 > 0 are slightly deviated from one another in φ → ηl+l− whereas the
two predictions mostly overlap with each other for ω → pi0l+l− and φ→ pi0l+l−.
We determine the IP violating parameters, (cIP4 , c
IP
8 , c
IP
9 , c
IP
10), from Eqs. (181, 188, 191)
and Table VII. The result is shown in Table VIII for two cases, c+34 < 0 and c
+
34 > 0,
separately.
TABLE VIII. Intrinsic parity violating parameters estimated in the fittings. For c+34 < 0 and
c+34 > 0, the confidence intervals are shown, respectively.
(c+34 < 0) c
IP
4 × 102 cIP8 × 102 cIP9 cIP10
68.3% C.L. −2.7+0.3−0.4 −8.6+0.7−0.7 0.47+0.26−0.22 −0.11+0.05−0.06
99.7% C.L. −2.7+0.7−2.1 −8.6+2.0−2.2 0.47+1.11−0.66 −0.11+0.15−0.24
(c+34 > 0) c
IP
4 × 102 cIP8 × 102 cIP9 cIP10
68.3% C.L. 0.33+0.43−0.31 8.6
+0.7
−0.7 0.29
+0.26
−0.22 −0.06+0.05−0.06
99.7% C.L. 0.33+2.11−0.74 8.6
+2.2
−2.0 0.29
+1.09
−0.67 −0.06+0.15−0.23
B. Model prediction
In this subsection, predictions of the model are given for the TFFs of Dalitz decays,
partial widths and differential decay widths of IP violating modes. We utilize the parameter
set obtained in the previous subsection.
In Fig. IV.3, the model predictions for P i → γl+l− (i = 1, 2, 3) are given. We show
the result for the two cases, c+34 < 0 and c
+
34 > 0, respectively. For c
+
34 > 0, one can find
a discrepancy between the model prediction and the precise data obtained by the NA60
collaboration [1]. Thus, we do not give a further result of analysis for the case of c+34 > 0
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since this case is disfavored.
In Table IX, the model predictions for widths of IP violating decays are exhibited. Within
99.7% C.L. of the model predictions, one can find no disagreement with experimental data.
The substantial error of φ→ ωpi0 comes from gθ¯123 in Eq. (133), which is proportional to a
φωpi0 coupling. Using the best-fit mixing matrix for mesons, one can obtain the coupling,
gθ¯123 = 0.11c
IP
3 g
2 − 0.15cIP5 g + 0.011cIP6 − 0.023cIP7 , (194)
where each term has a comparable contribution to gθ¯123. In Eq. (194), the errors of g, c
IP
6
and cIP7 in Tables I and VII are large, and give rise to uncertainty of Γ[φ → ωpi0] in Eq.
(134). Likewise, for Γ[φ→ pi0l+l−], the substantial error arises since the width includes the
VVP coupling in Eq. (146). For η → pi+pi−γ the coupling associated with ηpipiγ is given in
Eq. (157). To determine c+34 in Eq. (158), we used the relation c
+
34 = gc
+
34/g. With Eq. (181),
Table I and c+34 < 0, one can obtain c
+
34 = (−1.5± 0.4)× 10−2, which leads to uncertainty of
Γ[η → pi+pi−γ].
In Fig. IV.4, the differential decay widths for P i → pi+pi−γ (i = 2, 3) are displayed.
For comparison, the data measured by the WASA-at-COSY collaboration [39], which are
originally given in arbitrary unit, are also shown for η → pi+pi−γ. For η → pi+pi−γ in (a) and
(b), the widths are given in two units: one is physical unit which is based on the calculation
of decay width, while another is arbitrary unit. In order to compare the model values in
physical unit with the experimental data, we multiplied WASA-at-COSY data (including
central values and 1σ errors) by (a) 10−10 and (b) 5×10−9, respectively. Likewise, in arbitrary
unit, our data are rescaled by the same factors. We find that our numerical result agrees
with the experimental data if one chooses the appropriate rescaling factors for comparison.
In (c), one can find a resonance region around Eγ ∼ 160MeV. This is because the photon
energy in the rest frame of η′ is related to pi+pi− invariant mass as Eγ = (M2η′ − s+−)/2Mη′ ,
which indicates that Eγ = 164.9MeV(159.1MeV) corresponds to the pole which arises from
intermediate ρ (ω).
In Fig. IV.5, we present the numerical result for the Dalitz distributions of V I → P il+l−
for (i, I) = (1, 1), (2, 1), (2, 2), (3, 3). Since these modes are not measured yet, it is expected
that one can test the validity of the model via future experiments.
In Fig. IV.6, predictions for a branching ratio for ρ0 → pi0pi+pi− and decay widths of
V I → pi0pi+pi− (I = 2, 3) are shown. Varying the value of gc123, we estimate error bands
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of the model prediction. For simplicity, we do not account uncertainty which arises from
parameters in the vector meson propagators in Eq. (41). We find that if one fixes gc123 ∼
0.35, the predictions for V I → pi0pi+pi− (I = 1, 2, 3) are consistent with the PDG data [32].
In the vicinity of the peak region, plots of the TFFs are exhibited for Dalitz decays in
Fig. IV.7. The partial contributions from ρ, ω, and interference between ρ and ω are also
indicated. In (a) and (c), the predictions in 68.3% C.L. are shown for TFFs of φ→ pi0l+l−
and η′ → γl+l−, respectively. In (b) and (d), the best fit predictions, in which the model
parameters are fixed, are given for the two modes. For both φ → pi0l+l− and η′ → γl+l−,
we find that the contribution from ω pole is dominant around the region of resonance. It
is shown that the partial contribution of interference between ρ and ω is not negligible. In
particular, for (b), one can see that the contribution of the interference is sizable.
Using Eq. (67), we obtain the decay widths for ω → pipi, φ → K+K− and φ → K0K¯0
which are shown in Table X. We should note that the leading contribution of the decay is
a one-loop level and isospin breaking amplitude. About the φ → K+K− and φ → K0K¯0,
they are smaller than the experimental values. However the discrepancy depends on the
choice of fpi/fK and its deviation from unity leads to two loop order effect. If the ratio is
modified properly, one can obtain theoretical predictions which are in good agreement with
the experimental results. We also note that the ratio of the decay widths of φ → K+K−
and φ→ K0K¯0 deviates from unity for both theoretical prediction and experimental result.
This implies the presence of the isospin breaking contribution. We note the ratio of the two
decay widths is in good agreement between theory and experiment:
(Γ[φ→ K+K−]/Γ[φ→ K0K¯0])Th. = 1.53+0.22−0.15, (195)
(Γ[φ→ K+K−]/Γ[φ→ K0K¯0])PDG = 1.430± 0.026. (196)
With tree-level formulae, one may not explain the width of K∗ and ρ simultaneously,
while the 1-loop formulae in Eqs. (51, 53) can reproduce both of them within errors. In
Table XI, the model predictions with 1-loop correction for Γ[ρ→ pipi] and Γ[K∗± → (Kpi)±]
are shown. The 1-loop corrected formulae include the parameters in Table I so that these
parameters lead to the sizable errors in the 1-loop prediction for the widths which are given
in Table XI.
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FIG. IV.2. Transition form factors versus di-lepton invariant mass: (a) ω → pi0l+l−, (b) φ →
pi0l+l− and (c) φ → ηl+l−. Black solid lines indicate best fit curves for c+34 < 0 while blue dotted
lines imply ones for c+34 > 0. For comparison, experimental data are shown for (a) NA60 [1], SND
[33], Lepton-G [34] and CMD-2 [35], (b) KLOE-2 [36] and (c) SND [37] and KLOE-2 [38].
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FIG. IV.3. Transition form factors versus di-lepton invariant mass: (a) pi0 → γl+l−, (b)-(c)
η → γl+l− in the mass range for [2me, 300]MeV and for [300, 470]MeV respectively and (d) η′ →
γl+l−. For c+34 < 0, blue (cyan) bands indicate theoretical predictions in 68.3% (99.7%) C.L.
while for c+34 > 0, green (yellow) bands represent ones in 68.3% (99.7%) C.L. For comparison, the
experimental data obtained by (b)-(c) NA60 [1], Lepton-G [40], CB/TAPS [41] and SND [37] and
(d) BES III [2], Lepton-G [42] are shown.
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TABLE IX. Partial decay widths of IPV decay modes. As model predictions, we give the estimated
ranges of 68.3% C.L. and ones for 99.7% C.L., respectively. For comparison, the data obtained
by the BES III collaboration [2] is shown for Γ[η′ → γe+e−] and the PDG data [32] are given for
other decay modes. For ρ0 → pi0e+e− and φ → ηµ+µ−, the 90% C.L. upper bounds are written
while 1σ errors are shown for the other experimental values.
Decay mode Model (68.3%C.L.) [MeV] Model (99.7%C.L.) [MeV] Exp. [MeV]
Γ[pi0 → γe+e−] (9.05+0.01−0.01)× 10−8 (9.05+1.44−0.48)× 10−8 (9.1± 0.3)× 10−8
Γ[η → γe+e−] (8.54+0.05−0.04)× 10−6 (8.54+0.41−0.08)× 10−6 (9.0± 0.6)× 10−6
Γ[η → γµ+µ−] (3.7+0.3−0.2)× 10−7 (3.7+2.2−0.4)× 10−7 (4.1± 0.6)× 10−7
Γ[η′ → γe+e−] (8.7+0.5−0.3)× 10−5 (8.7+38.2−0.8 )× 10−5 (9.28± 0.95)× 10−5
Γ[η′ → γµ+µ−] (1.6+0.5−0.3)× 10−5 (1.6+38.5−0.7 )× 10−5 (2.1± 0.6)× 10−5
Γ[η → pi+pi−γ] (8.7+2.4−2.2)× 10−5 (8.7+8.4−7.2)× 10−5 (5.5± 0.2)× 10−5
Γ[η′ → pi+pi−γ] (6.2+1.2−1.0)× 10−2 (6.2+4.3−2.6)× 10−2 (5.8± 0.3)× 10−2
Γ[φ→ ωpi0] (48+314−44 )× 10−4 (48+4845−48 )× 10−4 (2.0± 0.2)× 10−4
Γ[ρ0 → pi0e+e−] (0.43+0.05−0.05)× 10−3 (0.43+0.16−0.13)× 10−3 < 6.0× 10−3
Γ[ρ0 → pi0µ+µ−] (5.0+0.9−0.7)× 10−5 (5.0+3.3−2.2)× 10−5 −
Γ[ρ0 → ηe+e−] (2.5+0.7−0.5)× 10−4 (2.5+2.4−2.2)× 10−4 −
Γ[ρ0 → ηµ+µ−] (3.3+1.1−0.8)× 10−8 (3.3+4.4−2.8)× 10−8 −
Γ[ω → pi0e+e−] (6.8+0.9−0.8)× 10−3 (6.8+3.3−2.3)× 10−3 (6.5± 0.5)× 10−3
Γ[ω → pi0µ+µ−] (0.89+0.15−0.13)× 10−3 (0.89+0.49−0.30)× 10−3 (1.1± 0.3)× 10−3
Γ[ω → ηe+e−] (4.2+1.3−1.0)× 10−5 (4.2+4.6−3.4)× 10−5 −
Γ[ω → ηµ+µ−] (1.7+0.7−0.5)× 10−8 (1.7+4.3−1.3)× 10−8 −
Γ[φ→ pi0e+e−] (23+22−13)× 10−5 (23+424−23 )× 10−5 (4.8± 1.2)× 10−5
Γ[φ→ pi0µ+µ−] (6.7+16.7−4.7 )× 10−5 (6.7+388.3−6.6 )× 10−5 −
Γ[φ→ ηe+e−] (1.9+0.8−1.0)× 10−4 (1.9+71.0−1.9 )× 10−4 (4.9± 0.4)× 10−4
Γ[φ→ ηµ+µ−] (1.1+0.5−0.6)× 10−5 (1.1+105.0−1.1 )× 10−5 < 4.0× 10−5
Γ[φ→ η′e+e−] (2.0+0.7−0.5)× 10−6 (2.0+2.5−1.7)× 10−6 −
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FIG. IV.4. Plots of differential decay width of P → pi+pi−γ: (a), (c) the distributions of photon
energy in the rest frame of η and η′, (b), (d) the distributions of cosine of the angle between pi+
and γ in the rest frame of pi+pi− for decays of η and η′, respectively. For comparison, the data
measured by the WASA-at-COSY collaboration [39] are shown as red circles in (a) and (b). For
both (a) and (b), the vertical axis on the left side denotes the physical differential width while one
on the right side shows arbitrary unit. See the text for a detailed explanation of units in which the
differential widths of η → pi+pi−γ are calculated.
TABLE X. The results of the decay widths for V → PP . They are obtained based on the one-loop
corrected formulae in Eq.(51) and Eq.(53).
Decay mode Theory (MeV) PDG (MeV)
Γ[ω → pipi] 0.114+0.03−0.02 0.130± 0.016
Γ[φ→ K+K−] 1.43+0.15−0.10 2.086± 0.026
Γ[φ→ K0K¯0] 0.935+0.09−0.06 1.459± 0.020
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FIG. IV.5. Prediction of the model for TFFs: (a) ρ0 → pi0l+l−, (b) ρ0 → ηl+l−, (c) ω → ηl+l−
and (d) φ→ η′l+l−. Blue (cyan) bands imply model prediction in 68.3% (95.4%) C.L.
TABLE XI. The results of the decay widths for V → PP .
Decay mode Theory (MeV) PDG (MeV)
Γ[ρ→ pipi] 157+66−47 149.1± 0.8
Γ[K∗± → (Kpi)±] 45.4+20.6−14.6 46.2± 1.3
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FIG. IV.6. Plots of model prediction: (a) branching ratio of ρ0 → pi0pi+pi−, (b) decay width of
ω → pi0pi+pi− and (c) decay width of φ → pi0pi+pi−. In these plots, blue (cyan) bands represent
68.3% (99.7%) confidence intervals of the model predictions while red bands indicate 1σ ranges of
the PDG data [32].
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FIG. IV.7. Transition form factors versus di-lepton invariant mass in the vicinity of the resonance
regions: (a) φ → pi0l+l− with 68.3% C.L. error bands, (b) φ → pi0l+l− for the best fit prediction,
(c) η′ → γl+l− with 68.3% C.L. error bands and (d) η′ → γl+l− for the best fit prediction. For each
figure, partial contributions from ρ0, ω and interference between ρ0 and ω are shown, respectively.
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V. SU(3) BREAKING EFFECT IN IPV INTERACTION
In the previous sections, we include the SU(3) breaking effects from the intrinsic parity
conserving part. These effects are order of O(p4m2pi). The full SU(3) breaking effect for IPV
processes up to this order comes from one loop diagrams and also from SU(3) breaking IPV
vertex. The latter interactions are studied in [20]. Below we study the SU(3) breaking effect
from the IPV vertex. We focus on the processes ρ → piγ and K∗ → Kγ and show how
these terms improve the predictions compared with those without SU(3) breaking terms.
One loop corrections and the renormalization of the divergence is beyond the scope of this
paper. We consider the following SU(3) breaking IPV interaction terms
∆L3 = c
IP
31b
µνρσTr[g{FV µν , ˆ}{αLραRσ − αRραLσ}],
∆L′3 = c
IP
32b
µνρσTr[gFV µν{αLρˆαRσ − αRρˆαLσ}],
∆L
′′
3 = c
IP
33b
µνρσTr[g{FV µν , ˆ}]Tr{αLραRσ − αRραLσ},
∆L4 = c
IP
41b
µνρσTr[{(FˆL + FˆR)µν , ˆ}{αLραRσ − αRραLσ}],
∆L′4 = c
IP
42b
µνρσTr[(FˆL + FˆR)µν{αLρˆαRσ − αRρˆαLσ}],
∆L
′′
4 = c
IP
43b
µνρσTr[{(FˆL + FˆR)µν , ˆ}]Tr{αLραRσ − αRραLσ}, (197)
where ˆ are spurion field for SU(3) breaking,
ˆ = ξξ + ξ†ξ†,  = diag.(1, 2, 3). (198)
∆L
′′
3 and ∆L
′′
4 are newly introduced and the others are studied in [20]. Below we assume that
 is proportional to current quark mass matrix diag.(mu,md,ms). Using the Lagrangian, one
can compute the effective interactions for ρ→ piγ and K∗ → Kγ. To obtain the interactions,
not only the direct interaction of V → Pγ but also the contribution from V → V 0P → γP
is included.
Leff = −4e
f
µνρσAρ
[{
−1
6
gcˆ+34 −
2− m̂d
3
a− c
}
∂µρ
0
ν∂σpi
0
+
{
−1
6
gcˆ+34 −
2− m̂d
3
a+
1− m̂d
2
b− c
}
∂µρ
+
ν ∂σpi
−
−
{
−1
3
gcˆ+34 −
m̂d + m̂s
3
(a+ 3c)
}
∂µK
∗0
ν ∂σK¯
0
+
{
−1
6
gcˆ+34 −
2− m̂s
3
a+
1− m̂s
2
b− c
}
∂µK
∗+
ν ∂σK
−
]
, (199)
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where m̂s =
ms
mu
and m̂d =
md
mu
. gcˆ+34, a, b and c are defined as,
gcˆ+34 = gc
+
34 − 2(1 + m̂s + m̂d)c,
a = g1
(
cIP31b + 2c
IP
41b +
1
2
(cIP32b + 2c
IP
42b)
)
,
b = g1(c
IP
32b + 2c
IP
42b),
c = g1(c
IP
33b + 2c
IP
43b). (200)
We note that c contributes to all four modes in the same manner and the strength of the
contribution is proportional to Tr(QM) = 2mu−(md+ms)
3
.
In our numerical calculation, we fit all four modes and determine the parameters.
(gcˆ+34, a, b, c) = (−0.10, 0.031, 0.022,−0.01). (201)
With the determined parameters, we reproduce the central values of PDG decay widths for
K∗ → Kγ and ρ→ piγ shown in Table III and IV.
VI. SUMMARY AND DISCUSSION
The IP violating phenomena of light hadrons are investigated in the model of chiral
Lagrangian including vector mesons. We introduced the suitable tree-level interaction terms
which include singlet fields of vector meson and pseudoscalar. Power counting of superficial
degree of divergence enables us to specify the 1-loop order interaction Lagrangian under the
presence of the tree-level part. With introduced interactions, 1-loop correction to the self-
energies of vector mesons is analyzed. Using the 1-loop corrected mass matrix, we obtained
the expressions of physical masses and the mixing matrix of ρ, ω and φ. Including the kinetic
mixing effect, the model expressions of the width for V → PP decay are calculated. We
also analyzed the mixing between photon and neutral vector mesons, which gives important
contribution to processes such as V → PV ∗ → Pγ.
For pseusoscalars, we took account of 1-loop correction to the mass matrix. The physical
states of pi0, η, η′ are written in terms of SU(3) eigenstates through wavefunction renormal-
izations and an orthogonal matrix which diagonalizes the 1-loop corrected mass matrix.
On the basis of the framework incorporating octet and singlet fields, the IP violating
operators are introduced within SU(3) invariance. We constructed Li(i = 5 − 10), which
includes the SU(3) singlet fields of a pseudoscalar and a vector meson in addition to ones
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introduced in Refs. [18–20]. In order to realize the experimental data in the framework
including the singlets and octets, we found that the singlet-induced operators play an im-
portant role; if Li(i = 5 − 10) were absent in the model, Γ[η′ → 2γ] would become much
smaller than the observed value in the experiments.
Using the introduced IP violating operators, we obtained the analytic formulae for the
IP violating (differential) decay widths. In particular, the widths of P → V γ, V → Pγ, φ→
ωγ, P → 2γ, V → Ppi+pi− are given. Moreover, the electromagnetic TFFs of P → γl+l−
and V → Pl+l− are also obtained. Additionally, the formula of the differential width for
P → pi+pi−γ is also shown.
For parameter estimation, we used precise data of spectrum function for τ− → KSpi−ν
measured by the Belle collaboration [11]. Furthermore, the PDG data [32] of physical masses
of charged vector mesons, ρ+ and K∗+ are used for parameter estimation of the coefficient
of 1-loop order interaction terms. We also estimated the model parameters which appear
in the mass matrix of neutral vector mesons by using the PDG data [32] of mρ,mω and
mφ. Since the masses of vector mesons are precisely measured in the experiment, the model
parameters in the mass matrix are estimated with smaller uncertainty.
The numerical analyses of IP violating decay widths, the TFFs for electromagnetic decays,
are carried out in the model. In order to estimate the IP violating parameters, we utilized
the PDG data [32] of widths for radiative decays. Specifically, the experimental data of
Γ[K∗ → Kγ] and the effective coupling ratios of V 0V 0P 0 to ρ+pi+γ are used. We also
considered constraints on a mass matrix and a mixing matrix of pseudoscalars. To obtain a
parameter region which is consistent with the masses and Γ[P → 2γ], we solved the system
of equations to realize the PDG data [32]. Furthermore, χ2 fitting for the TFFs measured
in the experiments [1, 33–38] is carried out. We found that the goodness-of-fit is improved if
one does not use the input data measured by the Lepton-G experiment. Hence, we adopted
the parameter set estimated without their data.
Using the estimated model parameters, we gave the model predictions for IP violating
decays. In particular, we found that the electromagnetic TFFs of η → γl+l−, η′ → γl+l− are
consistent with the experimental data for c+34 < 0. The partial widths of P → γl+l−, P →
pi+pi−γ, φ→ ωpi0 and V → Pl+l− are calculated, none of which result in significant deviation
from the experimental data up to 99.7% C.L. For the differential widths of η → pi+pi−γ
and η′ → pi+pi−γ, the model predictions are given. The differential width of η → pi+pi−γ
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is compared with the data measured by the WASA-at-COSY collaboration [39]. Here, no
significant deviation is found in this result. The predictions are also obtained for the TFFs of
ρ→ pi0l+l−, ρ→ ηl+l−, ω → ηl+l− and φ→ η′l+l−, which are expected be observed in future
experiments. The model predictions for Br[ρ0 → pi0pi+pi−], Γ[ω → pi0pi+pi−] and Γ[φ →
pi0pi+pi−] are also presented. We found that these IP violating observables are consistent
with the PDG values [32]. In the vicinity of resonance region, the TFFs for φ→ pi0l+l− and
one for η′ → γl+l− are analyzed. It is shown that the ω pole is dominant in the peak region
for both TFFs. We also found that the contribution of the interference between ρ and ω
is non-negligible in the peak region. It is shown that the theoretical prediction for Γ[φ →
K+K−]/Γ[φ→ K0K¯0] agrees with the experimental value, although Γ[φ→ K+K−(K0K¯0)]
depends on two-loop ordered uncertainty. Our framework, which includes O(p4) contribution
both in IP conserving part and in IPV part, can not explain simultaneously decay widths
of K∗+ → K+γ and K∗0 → K0γ. As the possible solutions of the problem, we study the
O(p4m2pi) contribution. In addition to SU(3) breaking interactions for IPV part of Ref. [20]
, we include two new terms. With these terms, we can explain the decay widths for all four
modes of ρ→ piγ and K∗ → Kγ. In contrast to the treatment of Ref. [20], we assume that
SU(3) breaking is proportional to current quark mass.
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Appendix A: Counter terms
The counter terms are computed with 1-loop correction of SU(3) singlet pseudoscalar in
Ref. [6]. In this work, we only consider the corrections due to SU(3) octet pseudoscalars.
The effect of SU(3)R external gauge boson is included. The counter terms in 1-loop order
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are,
Lc = L1
(
Tr(DµU(D
µU)†)
)2
+ L2Tr(DµU(DνU)
†)Tr(DµU(DνU)†)
+ L3Tr{DµU(DµU)†DνU(DνU)†}
+
4B
f 2
L4Tr{DµU(DµU)†}Tr{M(U + U †)}
+
4B
f 2
L5Tr{DµU(DµU)†(UM +MU †)}
+
16B2
f 4
L6{Tr(M(U + U †))}2
+
16B2
f 4
L7{Tr(M(U − U †))}2
+
16B2
f 4
L8Tr(MUMU +MU
†MU †)
+ iL9Tr{FLµν(DµU)(DνU)† + FRµν(DµU)†DνU}
+ L10Tr(FLµνUFR
µνU †)
+ H1Tr(FLµνFL
µν + FRµνFR
µν)
+ H2
(
4B
f 2
)2
Tr(M2)
+ i
K1
2
Tr(ξ†DµU(DνU)†ξ)(Dµvν −Dνvµ + i[vµ, vν ])
− 1
2
(
K2Tr(ξ
†FLµνξ + ξFRµνξ†)(Dµvν −Dνvµ + i[vµ, vν ])
+ K3Tr(Dµvν −Dνvµ + i[vµ, vν ])(Dµvν −Dνvµ + i[vµ, vν ]))
+
4B
f 2
(
K4Tr{(ξMξ + ξ†Mξ†)v2}+K5Tr{M(U + U †)}Tr(v2)
)
+ K6Tr(vρα
µ
⊥)Tr(v
ρα⊥µ) +K7Tr(v2α⊥µα
µ
⊥) +K8Tr(α
2
⊥)Tr(v
2)
+ K9{Tr(v2)}2 +K10Tr(v4)
+ i
g2p
f 2
T1η0Tr{(ξMξ − ξ†Mξ†)v2}
+ i
g2p
f 2
T2η0Tr{M(U − U †)}Tr(v2)
+ T3i
g2p
f 2
4B
f 2
η0TrM(U + U
†)TrM(U − U †)
+ T4
(
g2p
f 2
)2
η0
2
(
TrM(U − U †))2 + iT5 4B
f 2
g2p
f 2
η0Tr(MUMU −MU †MU †)
+ T6
(
g2p
f 2
)2
η20Tr(MUMU +MU
†MU † − 2M2)
+ i
g2p
f 2
η0
[
T7Tr{M(DµU(DµU)†U − U †DµU(DµU)†)}
+ T8Tr(M(U − U †))Tr(DµU(DµU)†)
]
, (A1)
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vµ = gρpipi
(
Vµ − αµ
g
)
, (A2)
Li = λΓi + L
r
i (i = 1− 10), (A3)
Ki = λki +Ki
r(i = 1− 10), (A4)
Hi = λ∆i +H
r
i (i = 1− 2), (A5)
Ti = λti + T
r
i (i = 1− 8), (A6)
λ = − 1
32pi2
(1 + CUV − lnµ2), (A7)
CUV =
1
2− d
2
− γ + ln 4pi. (A8)
In Eq. (A1), the contribution from singlet pseudoscalar is omitted in the coefficients of Γ6,Γ8
and ∆2. We have also corrected the sign of k9 and k10 in Ref. [6].
TABLE XII. The coefficients of the counter terms: ki,Γi and ∆i.
k1 = 1 t1 = −6 Γ1 = 2c2+132 ∆1 = −18
k2 = 1 t2 = −2 Γ2 = 1+2c216 ∆2 = 524
k3 = 1 t3 = −1118 Γ3 = 3(c
2−1)
16
k4 =
3
2 t4 = −119 Γ4 = c8
k5 =
1
2 t5 = −56 Γ5 = 3c8
k6 = 4c t6 = −53 Γ6 = 11144
k7 = 6c t7 = −3c2 Γ7 = 0
k8 = 2c t8 = − c2 Γ8 = 548
k9 = 3 Γ9 =
1
4
k10 = 3 Γ10 = −14
Appendix B: Power counting with SU(3) breaking and singlets
In this appendix, we show the power counting rule which is used to classify the interaction
Lagrangian in Eq. (1) and counter terms in Eq. (A1). Since we treat the electromagnetic
correction due to the term proportional to C in Eq. (1) only within tree level, in the following
power counting, we do not take this term into account. Since we employ the loop expansion
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due to pseudoscalar octet, the Lagrangian is organized as follows,
∞∑
n=0
L(n)~n−1, (B1)
where we denote L(n) as n loop contribution. We first evaluate the superficial degree of
divergence of the n loop diagram of Nambu-Goldstone bosons using the interaction part of
the tree level Lagrangian,
L(0)int =
f 2
4
Tr(DµUD
µU †) +
M2V
g2
Tr(αµα
µ)− 2MV
2
g
Tr(Vµα
µ)
+BTr[M(U + U †)]− ig2pη0Tr[M(U − U †)]. (B2)
The first two terms of Eq.(B2) denote the interaction with the second derivatives among
the Nambu-Goldstone bosons. The third term with the first derivative is the interaction
between SU(3) octet vector mesons and SU(3) octet pseudoscalars. The other terms are
the chiral breaking term which is proportional to the coefficient B and the interaction term
between SU(3) singlet η0 and SU(3) octets. We compute the superficial degree of divergence
ω for NL loop with Nχ insertions of the chiral breaking term and with Nη0 (NV8) external
pseudoscalar singlets (vector meson octets) lines. It is given as follows,
ω = 4NL + 2N2 +NV8 − 2NI , (B3)
where N2 is the number of the vertex with second derivatives and NI denotes the numbers of
the propagators of pseudoscalar octets in the internal line. It is related to the total number
of the vertex (Nv) and the number of loop (NL) as follows,
NI = NL + (Nv − 1), (B4)
where Nv is
Nv = Nη0 +Nχ +NV8 +N2. (B5)
Substituting Eq.(B4) with Eq.(B5) into Eq. (B3), one obtains the following formula,
ω = 2NL + 2−NV8 − 2(Nη0 +Nχ). (B6)
The ultraviolet divergence can occur when ω ≥ 0 and we obtain the following condition
which the divergent diagrams satisfy,
2NL + 2 ≥ NV8 + 2(Nη0 +Nχ). (B7)
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The counter terms which subtract the divergence also satisfy the above condition on the
number of the external lines (Nη0 , NV8) and the powers of B which correspond to Nχ. Let
us examine the types of the counter terms which are required within one-loop calculation
by setting NL = 1. Then the superficial degree of divergence is
ω = 4−NV8 − 2(Nη0 +Nχ). (B8)
Note that the ω is equal to the number of the derivatives ω0 included in the counter terms.
In Table XIII, we show ω0(≥ 0), Nχ;the powers of B, Nη0 and NV8 in each 1-loop counter
term. We classify each counter term in Eq. (A1) according to these numbers and show their
coefficients.
Next we study the power counting of the interaction terms for singlet vector meson. In
contrast to the octet vector mesons, the chiral invariant interaction of the singlet vector
meson to the octet pseudoscalars with the first derivative vanishes,
φ0µTr
(
Vµ − αµ
g
)
= 0. (B9)
Therefore there is no tree level interaction for the singlet vector meson. The interaction of
the singlet vector meson with chiral breaking term
g1V φ
µ0Tr(ξMξ + ξ†Mξ†)
(
Vµ − αµ
g
)
, (B10)
is classified as the one loop level interaction since this term also includes a vector meson
with the first derivative and the chiral breaking M , which has a structure similar to the one
loop effective counter terms in Eq. (B11) for vector meson octets given below,
C1
2B
f 2
Tr
{(
ξMξ + ξ†Mξ†
)(
Vµ − αµ
g
)(
V µ − α
µ
g
)}
+ C2
2B
f 2
Tr
(
ξMξ + ξ†Mξ†
)
Tr
{(
Vµ − αµ
g
)(
V µ − α
µ
g
)}
. (B11)
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TABLE XIII. (ω0, Nχ, Nη0 , NV8) for 1-loop counter terms.
ω0 Nχ Nη0 NV8 The coefficients of the counter terms
4 0 0 0 L1, L2, L3, L9, L10, H1,K1,K2,K3,K6,K7,K8,K9,K10
3 0 0 1 K1,K2,K3,K6,K7,K8,K9,K10
2 1 0 0 L4, L5,K4,K5
0 2 0 0 L6, L7, L8, H2
2 0 0 2 K1,K2,K3,K6,K7,K8,K9,K10
2 0 1 0 T1, T2, T7, T8
1 0 1 1 T1, T2
0 0 1 2 T1, T2
0 1 1 0 T3, T5
0 0 2 0 T4, T6
0 1 0 2 K4,K5
1 1 0 1 K4,K5
1 0 0 3 K3,K9,K10
0 0 0 4 K3,K9,K10
Appendix C: 1-loop correction to self-energy for K∗+,K∗0 and ρ+
In this appendix, we study self-energy corrections to K∗+0 mesons and charged ρ meson
taking SU(3) breaking into account. The interaction Lagrangian for V → PP is given as,
LV PP = −2gρpipi
i
Tr(Vµ[∆, ∂
µ∆])
= i
gρpipi
2
[
K∗+µ
(
Kˆ−
↔
∂µ pˆi3 +
√
3Kˆ−
↔
∂µ ηˆ8 +
√
2 ˆ¯K0
↔
∂ pˆi
−
)
+ K∗0µ
(
− ˆ¯K0 ↔∂µ pˆi3 +
√
3 ˆ¯K0
↔
∂µ ηˆ8 +
√
2Kˆ−
↔
∂µ pˆi
−
)
+ ρ+µ
(
2pˆi−
↔
∂µ pˆi3 +
√
2 ˆ¯K0
↔
∂µ Kˆ
−
)]
+ h.c., (C1)
∆ =
1
2

pˆi3 +
ηˆ8√
3
√
2pˆi+
√
2Kˆ+
√
2pˆi− −pˆi3 + ηˆ8√
3
√
2Kˆ0
√
2Kˆ+
√
2 ˆ¯K0 −2 ηˆ8√
3
 , (C2)
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where ∆ denotes the quantum fluctuation for the pseudoscalar octet in the background field
method [6]. The isospin breaking leads to pi3− η8 mixing and the Feynman diagrams of the
self-energy for K∗+0 are shown in Fig. C.1. pi3−η8 mixing obtained from the chiral breaking
FIG. C.1. Self-energy corrections to K∗+0. The diagrams include the pi3 − η8 mixing due to the
isospin breaking effect.
term is given by the following Lagrangian,
L = −M238pˆi3ηˆ8, (C3)
M238 =
1√
3
(M2K+ −M2K0). (C4)
We treat the mixing in Eq. (C3) as perturbation. The mixing insertion is denoted with
black circles in Fig. C.1. Below, the amplitude corresponding to the diagrams in Fig. C.1 is
shown,
g2ρpipi
4
∫
ddk
(2pi)di
(Q− 2k)µ(Q− 2k)ν
((Q− k)2 −M2pi)((Q− k)2 −M2η8)(k2 −M2K)
2
√
3M238
=
g2ρpipi
2
M2K+ −M2K0
M2η8 −M2pi
(Jη8Kµν − Jpi
0K
µν )
= 2g2ρpipi
M2K+ −M2K0
M2η8 −M2pi
Qµν(M
r
Kη8
−M rKpi)
+g2ρpipi(M
2
K+ −M2K0)gµν
(
2
LKη8 − LKpi
M2η8 −M2pi
− λ− µη8 − µpi
M2η8 −M2pi
)
, (C5)
where Qµν is defined in Eq. (21) and MK denotes MK+ or MK0 and one uses the following
1-loop function,
JQPµν =
∫
ddk
(2pi)di
(Q− 2k)µ(Q− 2k)ν
((Q− k)2 −M2Q)(k2 −M2P )
= Qµν
(
4M rPQ −
2
3
λ
)
+ gµν(4LPQ − 2λΣPQ − 2(µQ + µP )), (C6)
ΣPQ = M
2
P +M
2
Q. (C7)
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In Eqs. (C5, C6), λ denotes the ultraviolet divergence defined in Eq. (A7). In Eq. (C6), LPQ
and M rPQ are functions given below,
M rPQ =
1
12Q2
(
Q2 − 2ΣPQ
)
J¯PQ +
∆2PQ
3Q4
[
J¯PQ −Q2 1
32pi2
(
ΣPQ
∆2PQ
+ 2
M2PM
2
Q
∆3PQ
ln
M2Q
M2P
)]
−kPQ
6
+
1
288pi2
, (C8)
LPQ =
∆2PQ
4s
J¯PQ, (C9)
kPQ =
(µP − µQ)f 2
∆PQ
. (C10)
In Eqs. (C8, C9), J¯PQ is a 1-loop scalar function of pseudoscalar mesons with masses MP
and MQ. Above the threshold Q
2 ≥ (MP +MQ)2, it is given by,
J¯PQ(Q
2) =
1
32pi2
[
2 +
∆PQ
Q2
ln
M2Q
M2P
− ΣPQ
∆PQ
ln
M2Q
M2P
− νPQ
Q2
ln
(Q2 + νPQ)
2 −∆2PQ
(Q2 − νPQ)2 −∆2PQ
]
+
i
16pi
νPQ
Q2
, (C11)
ν2PQ = Q
4 − 2Q2ΣPQ + ∆2PQ, (C12)
while below the threshold (MP −MQ)2 ≤ Q2 ≤ (MP +MQ)2,
J¯PQ(Q
2) =
1
32pi2
[
2 +
∆PQ
Q2
ln
M2Q
M2P
− ΣPQ
∆PQ
ln
M2Q
M2P
− 2
√
−ν2PQ
Q2
arctan Q2 −∆PQ√
−ν2PQ
+ arctan
Q2 + ∆PQ√
−ν2PQ
 . (C13)
We write inverse propagators of vector mesons as,
D−1V µν = (M
2
V + δAV )gµν + δB˜VQµQν , (C14)
where the metric part of the inverse propagator consists of the sum of tree-level mass MV and
loop correction δAV . Using loop functions defined, we add the isospin breaking corrections
in Fig. C.1 to the calculation given in Ref. [6]. We also take account of the mass differences
of K+ −K0 and pi+ − pi0, which were not considered in the previous study. The self-energy
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corrections to K∗+0 and ρ+ mesons are obtained as,
δB˜K∗+ = Z
r
V (µ) + g
2
ρpipi
[
2M rK0pi+ +M
r
K+pi0 + 3M
r
K+η8
+ 2
M2K+ −M2K0
M2η8 −M2pi
(M rK+η8 −M rK+pi0)
]
,
δAK∗+ = ∆AK∗+ + C
r
1(µ)M
2
K+ + C
r
2(µ)(2M¯
2
K +M
2
pi)−Q2ZrV (µ), (C15)
∆AK∗+ = −Q2g2ρpipi
[
2M rK0pi+ +M
r
K+pi0 + 3M
r
K+η8
+ 2
M2K+ −M2K0
M2η8 −M2pi
(M rK+η8 −M rK+pi0)
]
+ g2ρpipi
[
2
(
M2K+ −M2K0
M2η8 −M2pi
)(
LK+η8 − LK+pi0 −
f 2
2
(µη8 − µpi)
)
+ 2LK0pi+ + LK+pi0
+ 3LK+η8 −
f 2
2
{2(µK0 + µpi) + µK+ + µpi + 3(µK+ + µη8)}
]
, (C16)
δB˜K∗0 = Z
r
V (µ) + g
2
ρpipi
[
2M rK+pi− +M
r
K0pi0 + 3M
r
K0η8
− 2M
2
K+ −M2K0
M2η8 −M2pi
(M rK0η8 −M rK0pi0)
]
,
δAK∗0 = ∆AK∗0 + C
r
1(µ)M
2
K0 + C
r
2(µ)(2M¯
2
K +M
2
pi)−Q2ZrV (µ), (C17)
∆AK∗0 = −Q2g2ρpipi
[
2M rK+pi− +M
r
K0pi0 + 3M
r
K0η8
− 2M
2
K+ −M2K0
M2η8 −M2pi
(M rK0η8 −M rK0pi0)
]
+ g2ρpipi
[
− 2
(
M2K+ −M2K0
M2η8 −M2pi
)(
LK0η8 − LK0pi0 −
f 2
2
(µη8 − µpi)
)
+ 2LK+pi− + LK0pi0 + 3LK0η8 −
f 2
2
{2(µK+ + µpi) + µK0 + µpi + 3(µK0 + µη8)}
]
, (C18)
δB˜ρ+ = Z
r
V (µ) + g
2
ρpipi(4M
r
pi+pi0 + 2M
r
K+K¯0),
δAρ+ = ∆Aρ+ + C
r
1(µ)M
2
pi + C
r
2(µ)(2M¯
2
K +M
2
pi)−Q2ZrV (µ), (C19)
∆Aρ+ = −Q2g2ρpipi(4M rpi+pi0 + 2M rK+K0)
+2g2ρpipi
(
2Lpi+pi0 + LK+K¯0 −
f 2
2
(4µpi + µK+ + µK0)
)
. (C20)
Appendix D: Proof of the relation for V −A mixing vertex
In this section, we show that the metric tensor part of the two-point functions for the
V − A mixing satisfies the relation in Eq. (78). Multiplying Eq. (77) by OTV , one can find,
ΠV A = OTV Π
V 0A
= −1
g

M2ρOV 11 +M
2
V ρ8OV 21 +M
2
V 0ρOV 31 +
M2V ρ8OV 11 +M
2
V 88OV 21 +M
2
V 08OV 31√
3
M2ρOV 12 +M
2
V ρ8OV 22 +M
2
V 0ρOV 32 +
M2V ρ8OV 12 +M
2
V 88OV 22 +M
2
V 08OV 32√
3
M2ρOV 13 +M
2
V ρ8OV 23 +M
2
V 0ρOV 33 +
M2V ρ8OV 13 +M
2
V 88OV 23 +M
2
V 08OV 33√
3
 . (D1)
62
Meanwhile, the diagonalization of the mass matrix leads to,
M2ρ M
2
V ρ8 M
2
V 0ρ
M2V ρ8 M
2
V 88 M
2
V 08
M2V 0ρ M
2
V 08 M
2
0V
OV = OV

M21 0 0
0 M22 0
0 0 M23
 . (D2)
In the above equation, the matrix elements for (i, j) = (1, I), (2, I) indicate the following
relations,
M2ρOV 1I +M
2
V ρ8OV 2I +M
2
V 0ρOV 3I =M2IOV 1I , (D3)
M2V ρ8OV 1I +M
2
V 88OV 2I +M
2
V 08OV 3I =M2IOV 2I . (D4)
Plugging Eqs. (D3, D4) into Eq. (D1), one can find that the relation in Eq. (78) is satisfied.
Appendix E: 1-loop correction to self-energy for pi+,K+ and K0
In this appendix, the radiative correction to charged pseudoscalar masses is discussed.
Background field method is used to evaluate the chiral loop correction[44, 45]. Kinetic terms
and 1-loop corrected masses in effective Lagrangian are given as,
Leff =
pi+,K+,K0∑
P
(
1
ZP
∂µPf∂
µP¯f −M2PPf P¯f
)
(E1)
=
pi+,K+,K0∑
P
(∂µP∂
µP¯ −M ′2P PP¯ ). (E2)
In Eq. (E1), we denote Pf as the pseudoscalar in original flavor basis and the coefficient of
the kinetic term is,
1
ZP
= 1− ZP (1), (E3)
Zpi+(1) ∼ −8
(
M2pi+ + 2M¯
2
K
f 2
Lr4 +
M2pi+
f 2
Lr5
)
+ 2c(2µpi+ + µ¯K), (E4)
ZK+(1) ' ZK0(1) ∼ −8
(
M2pi+ + 2M¯
2
K
f 2
Lr4 +
M¯2K
f 2
Lr5
)
+ c
(
3
2
µpi+ +
3
2
µ88 + 3µ¯K
)
. (E5)
In Eq. (E1), normalization of the kinetic term is slightly deviated from unity due to 1-loop
correction. In order to canonically normalize ZP in Eq. (E1), one should implement the
transformation in the following form as,
(−)
Pf =
√
ZP
(−)
P , (E6)√
ZP ∼ 1 + ZP (1)
2
. (E7)
63
Using transformation in Eq. (E6), one obtains Lagrangian in Eq. (E2). We keep linear order
of the small quantities (we neglect quadratic terms with respect to isospin breaking and
1-loop correction multiplied by isospin violation). The masses in Eq. (E2) are,
M ′2pi+ '
(
M2pi+
)
tr
[
1 + (4c− 3)µpi+ − 1
3
µ88 + 2(c− 1)µ¯K
−8M
2
pi+ + 2M¯
2
K
f 2
Lr46 − 8
M2pi+
f 2
Lr58
]
+ ∆EM, (E8)
M ′2K+ '
(
M2K+
)
tr
[
1 +
3
2
(c− 1)µpi+ + 1
6
(9c− 5)µ88 + 3(c− 1)µ¯K
−8M
2
pi+ + 2M¯
2
K
f 2
Lr46 − 8
M¯2K
f 2
Lr58
]
+ ∆EM, (E9)
M ′2K0 '
(
M2K0
)
tr
[
1 +
3
2
(c− 1)µpi+ + 1
6
(9c− 5)µ88 + 3(c− 1)µ¯K
−8M
2
pi+ + 2M¯
2
K
f 2
Lr46 − 8
M¯2K
f 2
Lr58
]
, (E10)
where low energy constants are denoted as,
Lr46 = L
r
4 − 2Lr6, Lr58 = Lr5 − 2Lr8, ∆EM =
2C
9f 2
. (E11)
In Eqs. (E8-E10), (M2P )tr denotes the tree-level mass parameters, and in the loop corrections,
pseudoscalar masses are identified with physical masses expressed as M2pi+ and M¯
2
K defined in
Eq. (32) since their difference gives rise to minor correction in Eqs. (E8-E10). The tree-level
mass parameters in r.h.s. of Eqs. (E8-E10) are given as Gell-Mann-Oakes-Renner (GMOR)
relation,
(
M2pi+
)
tr
=
2B(mu +md)
f 2
,
(
M2K+
)
tr
=
2B(mu +ms)
f 2
,
(
M2K0
)
tr
=
2B(md +ms)
f 2
. (E12)
One can clarify that the 1-loop masses are renormalization scale invariant. Therefore, we
find that the following equation is satisfied,
∂M ′2pi+
∂ lnµ
=
∂M ′2K+
∂ lnµ
=
∂M ′2K0
∂ lnµ
= 0. (E13)
Appendix F: 1-loop correction to self-energy for neutral pseudoscalars
In this appendix, the radiative correction to pseudoscalar masses is evaluated for neutral
particles. As analogous to the previous section, the background field method is used to
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evaluate the quantum correction. We consider the framework in which chiral octet loop cor-
rection is taken into account. Masses and kinetic terms of pseudoscalars in 1-loop corrected
effective Lagrangian are written as,
Leff = 1
2
(∂µpi3, ∂µη8, ∂µη0)
1
Z
(∂µpi3, ∂
µη8, ∂
µη0)
T − 1
2
(pi3, η8, η0)M
2(pi3, η8, η0)
T (F1)
(SU(3) eigenstate)
=
1
2
∂µpi
R
3 ∂
µpiR3 +
1
2
∂µη
R
8 ∂
µηR8 +
1
2
∂µη
R
0 ∂
µηR0 −
1
2
(piR3 , η
R
8 , η
R
0 )M
′2(piR3 , η
R
8 , η
R
0 )
T (F2)
(kinetic terms rescaled)
=
1
2
∂µpi
0∂µpi0 +
1
2
∂µη∂
µη +
1
2
∂µη
′∂µη′ − 1
2
(pi0, η, η′)diag(M ′2pi0 ,M
′2
η ,M
′2
η′ )(pi
0, η, η′)T . (F3)
(mass eigenstate)
In Eq. (F1), the coefficient of kinetic terms is given as a 3× 3 matrix,
1
Z
'

1− Z33(1) 0 0
0 1− Z88(1) 0
0 0 1
 , (F4)
Z33(1) ∼ Zpi+(1), (F5)
Z88(1) = −8
(
M2pi+ + 2M¯
2
K
f 2
Lr4 +
M288
f 2
Lr5
)
+ 6cµK¯ , (F6)
M288 =
2(M2K+)tr + 2(M
2
K0)tr − (M2pi+)tr
3
. (F7)
The matrix in Eq. (F4) implies that the kinetic terms in Eq. (F1) are slightly deviated from
unity with 1-loop correction. The mass matrix denoted as M2 in Eq. (F1) indicates the
1-loop corrected mixing mass matrix in the SU(3) basis. To normalize the kinetic terms in
Eq. (F1) canonically, one should implement basis transformation,
pi3
η8
η0
 = √Z

piR3
ηR8
ηR0
 , √Z ∼

√
Zpi1 0 0
0
√
Zpi2 0
0 0 1
 , (F8)
√
Zpi1 = 1 +
Z33(1)
2
∼
√
Zpi+ , (F9)√
Zpi2 = 1 +
Z88(1)
2
. (F10)
The transformation in Eq. (F8) relates the basis in Eq. (F1) to one given in Eq. (F2). Thus,
the kinetic terms are canonically normalized in Eqs. (F2-F3). One diagonalizes the mass
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matrix in Eq. (F2) and obtains Lagrangian with mass eigenstates in Eq. (F3). The mass
matrix given in Eq. (F2) is expressed as,
M ′2 =

M ′233 M
′2
38 M
′2
30
∗ M ′288 M ′280
∗ ∗ M200
 . (F11)
In the above mass matrix, the 1-loop corrected masses are denoted with primes. We ignore
quadratic terms with respect to the small quantities so that the 1-loop corrected masses in
Eq. (F11) are simplified as,
M ′233 '
(
M2pi+
)
tr
[
1 + (4c− 3)µpi+ − 1
3
µ88 + 2(c− 1)µ¯K
−8M
2
pi+ + 2M¯
2
K
f 2
Lr46 − 8
M2pi+
f 2
Lr58
]
, (F12)
M ′238 'M238 =
(M2K+)tr − (M2K0)tr√
3
, (F13)
M ′288 'M288 −M2pi+µpi+ −
(
16M¯2K − 7M2pi+
9
)
µ88 +
2
3
(
9cM288 + 3M
2
pi+ − 8M¯2K
)
µ¯K
−8M
2
88
f 2
(M2pi+ + 2M¯
2
K)L
r
46 −
8
f 2
M488L
r
5 +
16
3f 2
[8(M2pi+ − M¯2K)2Lr7
+(M4pi+ + 2(M
2
pi+ − 2M¯2K)2)Lr8], (F14)
M ′230 'M230 = −gˆ2p
[
(M2K+)tr − (M2K0)tr
]
, (F15)
M ′280 'M280 +
gˆ2p√
3
[
3M2pi+µpi+ +
1
3
(
5M2pi+ − 8M¯2K
)
µ88 + 2
{
3c(M2pi+ − M¯2K)
+(3M2pi+ − 4M¯2K)
}
µ¯K
]− 2M280 [M2pi+ + 2M¯2Kf 2 T r34 − 2M¯2Kf 2 T r5 + 2M288f 2 Lr5
]
, (F16)
where T r34 = 2L
r
4 − T r3 and gˆ2p = fg2p/B. Since 1-loop corrected masses in Eqs. (F12-F16)
are invariant under renormalization, one can confirm that they satisfy the following relation,
∂M ′233
∂ lnµ
=
∂M ′238
∂ lnµ
=
∂M ′288
∂ lnµ
=
∂M ′230
∂ lnµ
=
∂M ′280
∂ lnµ
= 0. (F17)
Comparing Eqs. (E8-E10) with Eqs. (F12, F13, F15), we find that the neutral mass matrix
elements are related to charged ones as,
M ′233 ∼M ′2pi+ −∆EM, (F18)
M ′238 ∼
1√
3
(M ′2K+ −M ′2K0 −∆EM), (F19)
M ′230 ∼ −gˆ2p(M ′2K+ −M ′2K0 −∆EM). (F20)
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Using Eqs. (F18-F20), one can write the mass matrix in Eq. (F11) as,
M ′2 =

M ′2pi+ −∆EM
1√
3
(M ′2K+ −M ′2K0 −∆EM) −gˆ2p(M ′2K+ −M ′2K0 −∆EM)
∗ M ′288 M ′280
∗ ∗ M ′2pi0 +M ′2η +M ′2η′ −M ′2pi+ −∆EM −M ′288
 ,
(F21)
where we utilized the relation of trace for the mass matrix,
M200 = M
′2
pi0 +M
′2
η +M
′2
η′ −M ′233 −M ′288. (F22)
Provided that physical masses, M ′2pi+ ,M
′2
K+ ,M
′2
K0 ,M
′2
pi0 ,M
′2
η and M
′2
η′ are given as experimen-
tal values, the mass matrix in Eq. (F21) is written in terms of four model parameters:
(gˆ2p,∆EM,M
′2
88,M
′2
80). The mixing matrix should be determined to diagonalize the mass
matrix in Eq. (F21) as,
OTM ′2O = diag(M ′2pi0 ,M
′2
η ,M
′2
η′ ). (F23)
Appendix G: 1-loop correction to decay constants of pi+ and K+
In this appendix, 1-loop corrected decay constants are analyzed for charged pseudoscalars.
The decay constants are defined with parameterizing matrix elements as,
〈pi+(p)|u¯γµγ5d|0〉 |1−loop order = i
√
2fpi+pµ, (G1)
〈K+(p)|u¯γµγ5s|0〉 |1−loop order = i
√
2fK+pµ. (G2)
One can find that 1-loop corrected decay constants are related with wave function renor-
malization in Eq. (E6) in the following as,
fpi+ =
f√
Zpi+
, fK+ =
f√
ZK+
, (G3)
where one can show that the quantities in Eq. (G3) are renormalization scale invariant, i.e.,
∂
∂lnµ
fpi+ =
∂
∂lnµ
fK+ = 0. (G4)
Equation (G3) leads to the relation between the decay constants of pion and one for kaon
in Eq. (84).
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Appendix H: Wess-Zumino-Witten term
In this appendix, we give the expression for the WZW term. As suggested in Ref. [16],
one can obtain the WZW term by integrating the Bardeen form anomaly. Following Ref.
[46], we can write the expression for the WZW term,
LWZ = − Nc
16pi2
µνρσ
∫ 1
0
dttr
pi
f
[
Vµν(t)Vρσ(t) +
1
3
Aµν(t)Aρσ(t)
−8i
3
(Vµν(t)Aρ(t)Aσ(t) + Aµ(t)Vνρ(t)Aσ(t) + Aµ(t)Aν(t)Vρσ(t))
−32
3
Aµ(t)Aν(t)Aρ(s)Aσ(t)
]
, (H1)
where Nc = 3 indicates the color factor. The notations in Eq. (H1) are defined as,
Vµ(t) =
1
2
(ξ(t)Vµξ(−t) + ξ(−t)Vµξ(t) + ξ(t)Aµξ(−t)− ξ(−t)Aµξ(t)
−iξ(t)∂µξ(−t)− iξ(−t)∂µξ(t)), (H2)
Aµ(t) =
1
2
(ξ(t)Vµξ(−t)− ξ(−t)Vµξ(t) + ξ(t)Aµξ(−t) + ξ(−t)Aµξ(t)
−iξ(t)∂µξ(−t) + iξ(−t)∂µξ(t)), (H3)
Vµν(t) = ∂µVν(t)− ∂νVµ(t) + i[Vµ(t), Vν(t)] + i[Aµ(t), Aν(t)], (H4)
Aµν(t) = ∂µAν(t)− ∂νAµ(t) + i[Vµ(t), Aν(t)] + i[Aµ(t), Vν(t)], (H5)
ξ(t) = e−i(1−t)pi/f . (H6)
The expressions given in Eqs. (H1-H6) are all defined in Minkowski space-time.
Appendix I: Form factors at O(p4) for τ− → Kspi−ν decay
The vector form factors for τ− → Kspi−ν decays including η0 meson loop were computed
in Ref. [6]. In the present work, we do not include the loop contribution of the singlet meson.
Below, we show the expression for form factors without the singlet meson loop contribution,
which is used to calculate the decay spectrum of τ− → Kspi−ν. The expression in this
appendix can be obtained from Eqs. (40-54) in [6], by simply setting the mixing angle ( θ08)
between the singlet meson and the octet meson to be zero. In the formulas shown below,
the isospin breaking effect and the mixing induced CP violation of the neutral kaon system
is also neglected. By ignoring CP violation due to the mixing, Ks is CP even state,
|Ks〉 = 1√
2
(|K0〉 − |K¯0〉), (I1)
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where |K¯0〉 = −CP |K0〉. Since ∆S = ∆Q = −1 rule holds, one finds the following relation,
〈Kspi−|s¯γµu|0〉 = − 1√
2
〈K¯0pi−|s¯γµu|0〉. (I2)
One defines the vector form factors for K¯0pi−(K−pi0) and its CP conjugate states,
〈K¯0pi−|s¯γµu|0〉 = F K¯0pi−V (qµ −Qµ
∆Kpi
Q2
) + F K¯
0pi−
S
Qµ
Q2
,
〈K0pi+|u¯γµs|0〉 = FK0pi+V (qµ −Qµ
∆Kpi
Q2
) + FK
0pi+
S
Qµ
Q2
,
〈K−pi0|s¯γµu|0〉 = FK−pi0V (qµ −Qµ
∆Kpi
Q2
) + FK
−pi0
S
Qµ
Q2
,
〈K+pi0|u¯γµs|0〉 = FK+pi0V (qµ −Qµ
∆Kpi
Q2
) + FK
+pi0
S
Qµ
Q2
. (I3)
Since under CP transformation, the charged currents are related to each other as follows,
CP (s¯γµu)(CP )
−1 = −u¯γµs, (I4)
the following relations among the form factors are derived,
F K¯
0pi−
V = −FK
0pi+
V , F
K¯0pi−
S = −FK
0pi+
S ,
FK
−pi0
V = −FK
+pi0
V , F
K−pi0
S = −FK
+pi0
S . (I5)
In the isospin limit, we also obtain the relations,
F K¯
0pi−
V =
√
2FK
−pi0
V , F
K¯0pi−
S =
√
2FK
−pi0
S ,
FK
0pi+
V =
√
2FK
+pi0
V , F
K0pi+
S =
√
2FK
+pi0
S . (I6)
Using Eq. (I2), Eq, (I3), Eq. (I5) and Eq. (I6), one can relate the form factor of Kspi
− of
Eq. (I2) to that of K+pi0,
〈Kspi−|s¯γµu|0〉 = 〈K+pi0|u¯γµs|0〉. (I7)
The contribution to the form factors is divided into two parts. One of them comes from 1
PI diagrams and the other comes from the diagrams which include the propagator of K∗
meson,
FK
+pi0
V = F
1PI
V + F
K∗
V , (I8)
FK
+pi0
S = F
1PI
S + F
K∗
S . (I9)
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Each contribution to form factors is given below (See also [6]),
F 1PIV = −
1√
2
(1− M
2
V
2g2f 2
) +
1√
2
[
−3c
2
(HKpi +HKη8) +
cM2V
8g2f 2
(10µK + 3µη8 + 11µpi)
− 3
8
(
M2V
g2f 2
)2
(HKpi +HKη8 +
2µK + µpi + µη8
2
)− C
r
5
2
Q2
f 2
+
M2V
2g2f 2
{ M2V
2g2f 2
Kr4
m2K
f 2
− 4Lr5
ΣKpi
f 2
+
2m2K +m
2
pi
f 2
(
M2V
2g2f 2
Kr5 − 8Lr4)
}]
, (I10)
FK
∗
V = −
1
2
√
2g
M2V
M2V + δAK∗
[
4E +
√
2
G+Q2H
f 2
− M
2
V
gf 2
]
, (I11)
F 1PIS =
1√
2
1
Q2
[
(1− M
2
V
2g2f 2
)
{
−∆KpiJ¯Kpi
8f 2
{5cQ2 − (5c− 3)ΣKpi}+ ∆Kη8 J¯Kη8
8f 2
{3cQ2 − (3c− 1)ΣKpi}
}
+
3∆Kpi
8f 2
(1− M
2
V
2g2f 2
)2{∆
2
Kpi
s
J¯Kpi +
∆2Kη8
s
J¯Kη8}
]
+
1√
2
∆Kpi
Q2
[
−(1− M
2
V
2g2f 2
) +
c
4
Q2
3µη8 + 2µK − 5µpi
∆Kpi
+ c
M2V
8g2f 2
(10µK + 3µ8 + 11µpi)
− 3
16
(
M2V
g2f 2
)2
(2µK + µpi + µη8)− 4Lr5
Q2
f 2
+
M2V
2g2f 2
{ M2V
2g2f 2
Kr4
m2K
f 2
− 4Lr5
ΣKpi
f 2
+
2m2K +m
2
pi
f 2
(
M2V
2g2f 2
Kr5 − 8Lr4)
}]
, (I12)
FK
∗
S = −
1
2
√
2g
∆Kpi
Q2
M2V
M2V + δAK∗ +Q
2δB˜K∗
[
4(E +Q2F) +
√
2
G
f 2
− M
2
V
gf 2
]
, (I13)
where G,H, E and F are given as,
G =
1√
2g
{M2V + δAK∗ +Q2δB˜K∗ −
3M2V
2f 2
(LKpi + LKη8)}, (I14)
H = 1√
2g
{ZrV − 2gCr4 − δB˜K∗ +
3M2V
2f 2
(M rKpi +M
r
Kη8
)}, (I15)
E =
M2V
4gf 2
− g
2M2V
{(δAK∗ +Q2δB˜K∗)(1− M
2
V
2g2f 2
)− Cr1m2K − Cr2(2m2K +m2pi)}
+
M2V
16gf 2
{−3(2µK + µpi + µη8) + c(10µK + 3µη8 + 11µpi)− 32Lr4
2m2K +m
2
pi
f 2
− 16Lr5
ΣKpi
f 2
}
+ { g
2M2V
(1− M
2
V
2g2f 2
)(δB˜K∗ − ZrV ) +
Cr3
8f 2
}Q2, (I16)
F = −{ g
2M2V
(1− M
2
V
2g2f 2
)(δB˜K∗ − ZrV ) +
Cr3
8f 2
}+ M
2
V
8gf 4
1
Q2
{ΣKpi(3
4
J¯Kpi +
1
12
J¯Kη8)
+ c(Q2 − ΣKpi)(5
4
J¯Kpi +
1
4
J¯Kη8)}. (I17)
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We obtain δB˜K∗ and δAK∗ in the above equations by taking the isospin limit of Eq. (C16)
and Eq. (C15) and they are given respectively as follows,
δB˜K∗ = Z
r
V (µ) + 3g
2
ρpipi
[
M rKpi +M
r
Kη8
]
,
δAK∗ = ∆AK∗+ + C
r
1(µ)M
2
K+ + C
r
2(µ)(2M¯
2
K +M
2
pi)−Q2ZrV (µ), (I18)
where ∆AK∗ is given by,
∆AK∗ = −3Q2g2ρpipi
[
M rKpi +M
r
Kη8
]
+3g2ρpipi
[
LKpi + LKη8 −
f 2
2
{2µK + µpi + µη8}
]
. (I19)
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